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Abstract: This paper studies the dynamic output feedback consensus problem of multi-agent systems over analog fading net-
works. For the case of undirected communication topology, both sufficient and necessary conditions are presented for mean
square consensus of discrete-time LTI multi-agent systems over analog fading networks. It is further shown that in the case of
single output, the sufficient condition is also necessary, while for other cases, the gap between the sufficient condition and the
necessary condition may be unavoidable. Besides, sufficient and necessary conditions are also provided for the mean square
consensus over a balanced directed communication topology by using Lyapunov methods. All the derived criteria demonstrate
intricately how system dynamics, communication quality and network topological structure interplay with each other to allow
the existence of a linear distributed consensus controller.
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1 Introduction

With the development of technology, single agent finds

its inability to deal with complex tasks and cooperation of

multi-agent systems becomes necessary [1–3]. Among var-

ious cooperative tasks, consensus, which requires all agents

reach an agreement, builds the foundation of others. How-

ever, one question naturally arises before control synthesis,

i.e. whether such distributed controllers exist, and this prob-

lem is usually referred to as consensusability of multi-agent

systems. Several important results have been derived to an-

swer this question, dealing with undirected/directed commu-

nication topologies [4–8]. These results reveal that the net-

work topology must be connected (for undirected communi-

cation topology case) or contain a directed spanning tree (for

directed communication topology case) and the instability

degree of agent dynamics must be smaller than a function of

the network synchronizability (for discrete-time linear sys-

tems only) to ensure the existence of a linear consensus pro-

tocol for the multi-agent systems.

Most of the consensusability results discussed above are

derived under perfect communication assumptions. How-

ever, in wireless communication networks, which are com-

monly used by most multi-agent systems nowadays, channel

fadings are unavoidable due to changing environments and

thus it is necessary to consider their impact on the consensus-

ability of the multi-agent systems. Analog channel fadings

are usually modeled as multiplicative noises, which can be

used as well to describe packet dropouts and other channel

effects. As to the problem of networked control corrupted

with multiplicative noises, there exist plentiful results; see

articles [9–12]. All these results indicate that there exists
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a control theoretical channel capacity of the fading chan-

nel, which must be greater than the topological feedback en-

tropy [13] (the information generating speed) of the dynam-

ical system to ensure the existence of a feedback stabilizing

controller.

When further considering consensus over analog fading

networks, there is still no conclusive result on revealing how

these factors interplay with each other to impact the con-

sensusability. Recently, Xiao et al.[14] considers the dis-

tributed estimation problem over an analog fading channel

using constant-gain estimators. Necessary and sufficient

conditions on communication networks are given for both

continuous-time and discrete-time cases, which reveal the

fundamental limitation on distributed estimation induced by

local communications, channel fading, and system dynam-

ics. Since the aforementioned results deal with distributed

estimation specifically under the case of state feedback con-

trol, this paper tries to generalize them to the dynamic out-

put feedback consensus scenario. The rest of the paper is

organized as follows. Section 2 provides background ma-

terial for the paper. Section 3 derives necessary and suffi-

cient conditions for mean square consensus of multi-agent

systems under an undirected communication topology. Sec-

tion 4 studies the mean square consensus problem in the set-

ting of a balanced directed communication topology using a

Lyapunov method. This paper ends with some concluding

remarks in Section 5.

The following conventions are used in this paper.

R,Rn,Rm×n represent the sets of real scalars, n-

dimensional real column vectors, m × n-dimensional

real matrices, respectively. 1 denotes a column vector of

ones of proper dimension. ⊗ represents the Kronecker

product. A′, ρ(A) represent the transpose and the spectral

radius of matrix A, respectively. IN ∈ R
N×N represents

a N by N identity matrix. E{·} denotes the expectation

operator. In the following, without specific explanations,

all matrices and vectors are assumed to be of appropriate
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dimensions that are clear from the context.

2 Preliminaries and Problem Formulation

In this paper, graph theory is used to characterize the com-

munication topology. Directed graph G is a relation of (V, E)
with V = {1, . . . , N} denoting the node set and E = (V,V)
representing the edge set. An edge (i, j) ∈ E means that

the i-th node can receive information from the j-th node.

A path on G from node i1 to il is a sequence of ordered

edges in the form of (ik, ik+1), k = 1, . . . , l− 1. A directed

graph has or contains a directed spanning tree if and only if

it has at least one node with directed paths to all other nodes.

The adjacency matrix is defined as G = [aij ]i,j=1,...,N ,

where aii = 0, aij > 0 if (i, j) ∈ E and aij = 0 oth-

erwise. G is undirected if G = G′. An undirected graph

is connected if there is a path between every pair of dis-

tinct nodes. The neighborhood set Ni of node i is de-

fined as Ni = {j |(i, j) ∈ E}. The in-degree and out-

degree for node vi are defined as degin(vi) =
∑n

j=1 aji,

degout(vi) =
∑n

j=1 aij . The Laplacian matrix L is defined

as Lii =
∑

j∈Ni
aij , Lij = −aij for i �= j. We say that the

node vi of a digraph G = (V, E) is balanced if and only if its

in-degree and out-degree are equal. A graph G = (V, E) is

called balanced if and only if all of its nodes are balanced.

The multi-agent system consists of N agents and all are

assumed to have homogeneous LTI dynamics

xi(t+ 1) = Axi(t) +Bui(t)

yi(t) = Cxi(t)
(1)

with i = 1, . . . , N and xi ∈ R
n, yi ∈ R

p, ui ∈ R
m rep-

resent the agent state, output and control input, respectively.

Without loss of generality, A is assumed to be unstable, B
has full-column rank and C has full-row rank. Under the

previous defined communication topology, the i-th agent can

receive information from the j-th agent as

oij(t) = aij [εij(t)(Cvj(t)− yj(t)) + nij(t)]

with j ∈ Ni and vj , yj represent the j-th agent’s controller

state and system output respectively, nij(t) denotes a zero-

mean white communication noise and εij(t) represents the

channel fading effect which is known to the i-th agent at the

t-th step. The dynamic output feedback consensus protocol

is defined as

vi(t+ 1) = (A+BK) vi(t)

+F
∑
j∈Ni

[εij(t)aij (Cvi(t)− yi(t))− oij(t)]

ui(t) = Kvi(t)

(2)

with i = 1, . . . , N .

The closed-loop dynamics under the designed protocol is

given by

zi(t+1) = Azi(t)+

N∑
j=1

εij(t)LijHzj(t)+

N∑
j=1

[
0

nij(t)aijF

]

with i = 1, . . . , N and

zi =

[
xi

vi

]
,A =

[
A BK
0 A+BK

]
,H =

[
0 0

−FC FC

]

Define z(t) = [z1(t)
′ . . . , zN (t)′]′ and the following error

variable

δ(t) = z(t)− 1

N
((11′)⊗ I2n)z(t) (3)

Definition 1. The multi-agent system in (1) is mean square
consensusable by the protocol (2), if there exists a pair of
(F,K), such that for any initial state z(0), E{δ(t)δ(t)′} is
well defined for all t ≥ 0 and limt→∞E{δ(t)δ(t)′} ≤ M ,
where M > 0 is a constant matrix.

Assumption 2. Assume that the channel fading is homoge-
neous, i.e. εij(t) = ε(t), where ε(t) is a wide-sense station-
ary white noise with mean μ �= 0 and variance σ2 ≥ 0.

Since the underlying dynamics is linear, when only the

mean square consensusability is considered, the additive

noise nij(t) can be ignored by assuming that nij(t) = 0
for all t ≥ 0 and i, j = 1, . . . , N , without loss of generality.

In this case, the error dynamics of δ in (3) under Assumption

2 is given by

δ(t+ 1) = (IN ⊗A+ ε(t)L ⊗H) δ(t) (4)

and the condition for mean square consensusability further

reduces to limt→∞E{δ(t)δ(t)′} = 0, i.e. system (4) is mean

square stable.

3 Undirected Graph Case

In this section, the mean square consensusability problem

is studied under an undirected communication topology.

3.1 General Result
Following similar derivations of [6], we know that there

exists a change of coordinates, such that the mean square

stabilization of system (4) can be transformed to the simul-

taneous stabilization of a series of subsystems.

Proposition 3. System (4) is mean square stable with L be-
ing the Laplacian matrix of a connected undirected commu-
nication topology if and only if there exists a pair of gains F
and K, such that for each λi, i = 2, . . . , N , the following
dynamics is mean square stable

ei(t+ 1) = (A+ λiε(t)H) ei(t), i = 2, . . . , N (5)

with λi, i = 2, . . . , N being the eigenvalues of L in an as-
cending order.

First let’s consider the mean square stability condition for

a specific i in (5). Define the following coordinate transfor-

mation gi =

[
In −In
0 In

]
ei. Then

gi(t+ 1) = (Ā+ λiε(t)H̄)gi(t) (6)

with

Ā =

[
A 0
0 A+BK

]
, H̄ =

[
FC 0
−FC 0

]
(7)

Theorem 4. System (6) with λi > 0 is mean square stable
if and only if (A,B) is stabilizable, (A,C) is detectable and
(A+ λiε(t)FC) is mean square stable.
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Proof. (Sufficiency) Because A+λiε(t)FC is mean square

stable, then there exists P1 > 0, such that

P1 > (A+ λiμFC)P1(A+ λiμFC)′ + λ2
iσ

2FCP1C
′F ′

Because (A,B) is stabilizable, then there must exist P2 >
0 and K such that for the given positive definite matrix

Q = λ2
i (μ

2 + σ2)FCP1C
′F ′ +M ′H−1M

with

M = (A+ λiμFC)P1(λiμFC)′ + λ2
iσ

2FCP1C
′F ′

H = P1 − λ2
iσ

2FCP1C
′F ′

− (A+ λiμFC)P1(A+ λiμFC)′

the following inequality holds

P2 − (A+BK)P2(A+BK)′ > Q

Define P =

[
P1 0
0 P2

]
. Then based on Schur Comple-

ment lemma, it is easy to show that with such defined P , the

mean square stability condition

P > (Ā+ λiμH̄)P(Ā+ λiμH̄)′ + λ2
iσ

2H̄PH̄′

can be satisfied, which proves the sufficiency.

(Necessity) Decompose gi into gi = [g′1i, g
′
2i]

′, with

g1i(t+ 1) = (A+ λiε(t)FC) g1i(t)

g2i(t+ 1) = (A+BK) g2i(t)− λiε(t)FCg1i(t)

Because gi is mean square stable, thus the subdynamics g1i,
i.e. (A + λiε(t)FC) is mean square stable. Besides, since

high moment stability always implies low moment stability,

the first moment E{g1i(t+1)} = (A+λiμFC)E{g1i(t)} is

asymptotically stable, thus (A,C) is detectable. Because gi
is mean square stable for any given gi(0) ∈ R

2n. Specif-

ically, choose gi(0) = [0′, g2i(0)′]′, since (A + λiμFC)
is stable, E{g1i(t)} ≡ 0. In such condition, E{g2i(t +
1)} = (A + BK)E{g2i(t)}, and thus if (A + BK) is un-

stable, E{g2i(t)} would go to infinity as t evolves. So is

E{g2i(k)g2i(t)′}, which contradicts with that g2i(k) is mean

square stable. Therefore (A,B) should be stabilizable.

Consider the following linear matrix inequality⎡
⎢⎢⎣

−S SA+ Y C
√

1
ḡ−1Y C

A′S + C ′Y ′ −S 0√
1

ḡ−1C
′Y ′ 0 −S

⎤
⎥⎥⎦ < 0 (8)

and define

gd �

⎧⎨
⎩

Πi|λu
i (A)|2, if q = 1

maxi|λu
i (A)|2, if q = m

infS>0,Y ḡ, s.t.(8), otherwise

with λu
i (A) denoting an unstable eigenvalue of A counting

algebraic multiplicity.

Lemma 5 ([9]). Assuming that A is unstable, (A,C) is de-
tectable and C has full-row rank, there exists a solution
P0 > 0 to the following modified Riccati inequality

P0 > AP0A
′ − τAP0C

′(CP0C
′)−1CP0A

′ (9)

if and only if τ > 1− 1/gd.

In view of Theorem 4, the following result can be ob-

tained.

Theorem 6. The multi-agent system (1) is mean square con-
sensusable by the protocol (2) under a connected undirected
communication topology if (A,B) is stabilizable, (A,C) is
detectable and

τd � μ2

μ2 + σ2
×

[
1−

(
λN − λ2

λN + λ2

)2
]
> 1− 1

gd
(10)

and only if (A,B) is stabilizable, (A,C) is detectable and

μ2

μ2 + σ2
> 1− 1

gd
(11)

Moreover, if (10) holds, then there exists a solution P0 >
0 to the modified Riccati inequality (9) with τ = τd, and a
pair of control gains ensuring the mean square consensus-
ability is given by

F = − 2μ

(λ2 + λN )(μ2 + σ2)
AP0C

′(CP0C
′)−1, (12)

and K can be selected such that A+BK is stable.

Proof. (Sufficiency) With a similar derivation to Theorem

11 in [14], the condition in (10) implies the existence of

a common F , i.e. (12), such that for each i = 2, . . . , N ,

(A+ λiε(t)FC) is mean square stable. Since (A,B) is sta-

bilizable, we can always choose K such that (A + BK) is

stable. With such choice of the control pair (F,K), further

noting that (A,C) is detectable, the condition in Theorem

4 can be satisfied, which implies that there exists a pair of

(F,K) such that for each i = 2, . . . , N , (Ā + λiε(t)H̄) is

mean square stable. In view of Proposition 3, we can con-

clude that the mean square consensus can be reached under

the designed protocol.

(Necessity) Because the closed-loop dynamics is mean

square stable, thus for a specific λi, (Ā+ λiε(t)H̄) is mean

square stable. Based on Theorem 4, (A+λiε(t)FC) is mean

square stable, in view of Lemma 2 in [12] and Lemma 5, the

condition (11) can be derived.

3.2 Special Case: Rank{C}=1
In the previous section, we have derived both sufficient

and necessary conditions for mean square consensus over

fading networks, while there is a gap between the sufficient

and necessary conditions in general. In this section, it will

be shown that the sufficient condition is also necessary for

the case of rank(C) = 1.

According to Lemma 2 in [12], the following assumption

can be made without loss of generality and will simplify the

presentation.

Assumption 7. All the eigenvalues of A are either on or
outside the unit disk.

Theorem 8. Under Assumption 7 and rank(C) = 1, there
exists F , such that ∀λi, i = 2, . . . , N, 0 < λ2 ≤ . . . ≤ λN ,
the following systems are simultaneously mean square stable

x(t+ 1) = (A+ λiε(t)FC)x(t) (13)
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if and only if

μ2

μ2 + σ2
×

[
1−

(
λN − λ2

λN + λ2

)2
]
> 1− 1

Πi|λi(A)|2 (14)

Proof. Since the sufficiency has been shown in the proof of

Theorem 6, here we only prove the necessity. Because (13)

is mean square stable, in view of Lemma 1 in [12], for each

i, |det(Γi)| < 1 with

Γi = (A′ + λiμF
′C ′)⊗ (A′ + λiμC

′F ′)

+ λ2
iσ

2(F ′C ′)⊗ (C ′F ′)

Without loss of generality, assuming that the LTI dynam-

ics in (13) is already in the canonical observable form with

A =

⎡
⎢⎢⎢⎣
0 . . . 0 a0
1 0 a1

. . .
...

0 1 an

⎤
⎥⎥⎥⎦ , C =

[
0; · · · ; 0; 1]

and F = [f0, f1, · · · , fn−1], in view of Laplace

expansion[15], it is easy to calculate that

det(Γi)

= (a0 + λiμf0)
2(n−1)

(
λ2
i (μ

2 + σ2)f2
0 + a20 + 2λiμf0a0

)
Thus ∀n ≥ 1, |det(Γi))| < 1 is equivalent to the following

two inequalities{
λ2
i (μ

2 + σ2)f2
0 + a20 + 2λiμf0a0 < 1

(λiμf0 + a0)
2 < 1

(15)

From the first inequality in (15), we know that(
λi

√
μ2 + σ2

f0
a0

+
μ√

μ2 + σ2

)2

≤ 1

a20
+

μ2

μ2 + σ2
− 1

(16)

To ensure the existence of f0, the RHS of the above inequal-

ity should be greater than zero, i.e.

μ2

μ2 + σ2
> 1− 1

a20
(17)

If the above condition is satisfied, we can further derive

from (16) that β
i
<

∣∣∣ f0a0

∣∣∣ < βi with

β
i
=

−
√

1
a2
0
+ μ2

μ2+σ2 − 1 + μ√
μ2+σ2

λi

√
μ2 + σ2

βi =

√
1
a2
0
+ μ2

μ2+σ2 − 1 + μ√
μ2+σ2

λi

√
μ2 + σ2

Since there always exists
∣∣∣ f0a0

∣∣∣, such that the above con-

straint holds for all λi, i = 2 . . . , N , thus ∩i

(
β
i
, βi

)
�= ∅,

which means β
2
< βN . Further calculation results in that

μ2

μ2 + σ2

[
1−

(
λN − λ2

λN + λ2

)2
]
> 1− 1

a20
(18)

The next is to study the second constraint in (15). Similar

to the previous derivation, one can readily get that

1−
(
λN − λ2

λN + λ2

)2

> 1− 1

a20
(19)

Because (18) implies both (17) and (19), which together

with the fact that |a0| = Πn
i=1|λi(A)| , implies that (14) is

the necessary condition. The proof is complete.

Corollary 9. Under Assumption 7 and rank(C) = 1, the
multi-agent system (1) is mean square consensusable by the
protocol (2) under a connected undirected communication
topology if and only if (A,B) is stabilizable, (A,C) is de-
tectable and inequality (14) holds.

Remark 10. Consider the class of dynamics (13) with i =
2, . . . , N . (17) is the mean square stabilization condition
for the single dynamics (A + λiε(t)FC) with a specific
i [12], while (19) describes the simultaneous stabilization
condition for the first moment dynamics of the class of sys-
tems (13), i.e. the simultaneous stabilization condition for
(A+ λiμFC), i = 2, . . . , N [6].

Remark 11. Theorem 8 shows that the sufficient condition
(10) is also necessary in the case of rank(C) = 1 for the
simultaneous mean square stabilization of the series of sys-
tems (13), while this is generally not true for the cases of
rank(C) > 1. The following simplified model can be used
to demonstrate this point. Consider the systems

x(t+ 1) = (A+ λiε(t)FC)x(t), i = 2, 3

with σ = 0, A =

[
c1 0
0 c2

]
, C =

[
1 0
0 1

]
and 0 < c1 < c2.

If the sufficient condition (10) is also necessary for mean
square stabilization, then the following optimization prob-
lem

min
F

max
i

ρ(A+ λiμFC)

returns an optimal value that is less than 1 if and only if

c2 <
λ3 + λ2

λ3 − λ2
(20)

However, numerical evaluation shows that when choosing
c1 = 2, c2 = 14, λ1 = 6, λ2 = 7, μ = 1, which con-
tradicts the condition (20), the optimization problem still
returns an optimal value 0.6155, with the argument F =[−0.3022 1.3053
−0.0039 −2.1593

]
. Thus the sufficient condition (10) is

generally not necessary for the simultaneous mean square
stabilization of (13).

4 Balanced Digraph Case

This section provides sufficient and necessary conditions

for mean square consensus under a balanced directed com-

munication topology. Since 1 is also a left eigenvector as-

sociated with 0 for a balanced digraph, similar to the deriva-

tion in the undirected graph case, we can derive the same

deviation dynamics (4). Define the change of coordinates

h = (IN ⊗
[
In −In
0 In

]
)δ, then the dynamics of h is

h(t+ 1) =
(
IN ⊗ Ā+ ε(t)L ⊗ H̄)

h(t) (21)
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with Ā, H̄ defined in (7). In view of Lemma 1 in [12], the

study of the mean square stability of the above dynamics is

equivalent to that of the following system

f(t+ 1) =
(
IN ⊗ Ā′ + ε(t)L′ ⊗ H̄′) f(t) (22)

Theorem 12. Under Assumption 7, the multi-agent system
(1) is mean square consensusable by the protocol (2) under a
balanced directed communication topology, if the balanced
digraph contains a directed spanning tree, (A,B) is stabi-
lizable, (A,C) is detectable, and

μ2

μ2 + σ2
× λ2(Ls)

2

η
> 1− 1

gd
(23)

where Ls =
L+L′

2 , η = max
i

{λi(LL′)}, λ2(Ls) denotes the

smallest positive eigenvalue of Ls and only if the balanced
digraph contains a directed spanning tree and (A,B) is sta-
bilizable, (A,C) is detectable.

Proof. (Sufficiency) The mean square consensusability of

system (1) by protocol (2) in equivalent to the mean square

stability of (22). Here Lyapunov methods will be used

to show the sufficiency. Define P =

[
P1 P ′

3

P3 P4

]
where

P1, P3, P4 ∈ R
n×n,P1, P4 are symmetric matrices and P1 >

0, P4 − P3P
−1
1 P ′

3 > 0. Thus P is positive definite. In the

following it will be shown that such P1, P3, P4 do exist if the

sufficient condition in Theorem 12 can be satisfied.

Define the following Lyapunov function V (t) =
E{f(t)′(IN ⊗ P)f(t)} , then

V (t+ 1) = E{f(t)′(I ⊗ ĀPĀ′ + ε(t)L ⊗ H̄PĀ′

+ ε(t)L′ ⊗ ĀPH̄′ + ε(t)2LL′ ⊗ H̄PH̄′)f(t)}

Simple calculation shows that

H̄PĀ′ =
[
FCP1A

′ FCP ′
3(A+BK)′

−FCP1A
′ −FCP ′

3(A+BK)′

]

ĀPH̄′ =
[

AP1C
′F ′ −AP1C

′F ′

(A+BK)P3C
′F ′ −(A+BK)P3C

′F ′

]

Since all the eigenvalues of A are either on or outside the

unit disk and (A,B) is stabilizable, there exists K such that

(A + BK) is invertible. We can choose P3, F as P ′
3(A +

BK)′ = −P1A
′, F = −κAP1C

′(CP1C
′)−1 with κ > 0.

Then it is easy to show that

H̄PĀ′ = ĀPH̄′ =
[−κQ0 κQ0

κQ0 −κQ0

]

with Q0 = AP1C
′(CP1C

′)−1CP1A
′, which implies

V (t+ 1) ≤ E{f(t)′(IN ⊗ ĀPĀ′ + μ(L+ L′)⊗ H̄PĀ′

+ η(μ2 + σ2)IN ⊗ H̄PH̄′)f(t)} (24)

Since the balanced digraph G contains a directed spanning

tree, it is trivial to show that Ls is also a valid Laplacian ma-

trix for a connected undirected graph. Thus we can select

φi ∈ R
N such that φ′

iLs = λiφi and form the unitary ma-

trix Θ = [1/
√
N,φ2, . . . , φN ], with diag(0, λ2, . . . , λN ) =

Θ′LsΘ. If we define λ1 = 0 and introduce the state trans-

formation f̃ = (Θ ⊗ I2n)
′f with f̃ = [f̃ ′

1 . . . f̃ ′
N ]′. Then

(24) can be replaced in terms of f̃ as follows

V (t+ 1) ≤
n∑

i=1

E{f̃i(t)′(ĀPĀ′ + 2μλiH̄PĀ′

+ η(μ2 + σ2)H̄′PH̄′)f̃i(t)} (25)

Let αi = 2μλiκ− η(μ2 + σ2)κ2, then

ĀPĀ′ + 2μλiH̄PĀ′ + η(μ2 + σ2)H̄PH̄′ =
[
Q1 Q3

Q3 Q4

]

where

Q1 = AP1A
′ − αiAP1C

′(CP1C
′)CP1A

′

Q3 = −AP1A
′ + αiAP1C

′(CP1C
′)CP1A

′

Q4 = (A+BK)P4(A+BK)′ − αiAP1C
′(CP1C

′)CP1A
′

Thus

(1− ζ)P − ĀPĀ′ − 2μλiH̄PĀ′ − η(μ2 + σ2)H̄′PH̄′)

=

[
(1− ζ)P1 −Q1 (1− ζ)P ′

3 −Q2

(1− ζ)P3 −Q2 (1− ζ)P4 −Q4

]

If condition (23) is satisfied, there always exists κ > 0
such that αi > 1− 1

gd
, i = 2, . . . , N . Further, since (A,C)

is detectable, in view of Lemma 5, there always exist P1 > 0
and a sufficiently small ζ > 0 such that (1−ζ)P1−Q1 > 0.

Because (A+BK) is stabilizable, thus for Q > 0 with

Q � P3P
−1
1 P ′

3+

((1− ζ)P3 −Q3)((1− ζ)P1 −Q1)
−1((1− ζ)P ′

3 −Q3)

there always exists P4 > 0, such that for a given sufficiently

small ζ > 0

αiAP1C
′(CP1C

′)CP1A
′ − (A+BK)P4(A+BK)′

+ (1− ζ)P4 > Q+ αiAP1C
′(CP1C

′)CP1A
′

which means there exists P4 > 0 such that P4 > P3P
−1
1 P ′

3

and

(1− ζ)P4 −Q4

> ((1−ζ)P3−Q3)((1−ζ)P1−Q1)
−1((1−ζ)P3−Q3)

In summary, if (A,B) is stabilizable, (A,C) is detectable

and (23) is satisfied, the existence of P1, P3, P4 can be guar-

anteed, such that{
P > 0

(1− ζ)P > ĀPĀ′ + 2μλiH̄PĀ′ + η(μ2 + σ2)H̄PH̄′

In view of (25), one can obtain that

V (t+ 1) ≤ (1− ζ)
n∑

i=1

E{f̃i(t)′P f̃i(t)}

= (1− ζ)E{f(t)′(IN ⊗ P)f(t)} = (1− ζ)V (t)
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Thus V (t) will converge to zero exponentially and this com-

pletes the proof of sufficiency.

(Necessity) Suppose G does not contain a directed span-

ning tree, then rank(L) ≤ n − 2, thus there are at least two

Jordan blocks associated with eigenvalue zero in the Jordan

canonical form of L. This means that the eigenvalue 0 has at

least two distinct eigenvector spaces. Since 1 is one eigen-

vector, there must exist another vector v /∈ Span(1) such

that Lv = 0. Define Θ = [1, v,Φ] that transforms L into

Θ−1LΘ = diag[0, 0,Li]. Define the following state trans-

formation h̃ = (Θ−1⊗I2n)h with h̃ = [h̃′
1 . . . h̃′

N ]′. Then

we can get the following subdynamics h̃1(t+ 1) = Āh̃1(t),
h̃2(t+1) = Āh̃2(t). Since h̃1 ≡ 0, thus if h̃2(0) /∈ Null(Ā),
h̃2 will tend to infinity, resulting in a contradiction. Next,

we would like to show the other two necessary conditions,

i.e. (A,B) is stabilizable and (A,C) is detectable. Let

Y ∈ R
N×(N−1), W ∈ R

(N−1)×N , T ∈ R
N×N and Jor-

dan matrix � ∈ R
(N−1)×(N−1) be such that T = [1 Y ],

T−1 =

[
1′

W

]
, T−1LT = J =

[
0 0
0 �

]
where the diag-

onal elements of � are the nonzero eigenvalues of L. In-

troduce the state transformation h̃ =
(
T−1 ⊗ I2n

)
h with

h̃ = [h̃′
1 . . . h̃′

N ]′, then (21) can be replaced in terms of h̃
as follows

h̃(t+ 1) = (IN ⊗ Ā+ ε(t)J ⊗ H̄)h̃(t) (26)

Since this system is mean square stable, taking the expecta-

tion operation of both sides, the mean value should also be

stable, which implies the dynamics

h̃i(t+ 1) = (

[
A 0
0 A+BK

]
+ μλi

[
FC 0
−FC 0

]
)h̃i(t)

where i = 1, 2, . . . , N and λi is an eigenvalues of L, are

stable. Thus (A,B) is stabilizable. Besides, since λi is com-

plex valued, following a similar discussion in [5], it can be

shown that (A,C) is detectable.

Remark 13. (a) For the case of state feedback and as-
suming that the multiplicative noise is governed by a
Markov process, with a similar calculation, sufficient
and necessary conditions for mean square consensus
of system (1) can be derived directly from Theorem 12,
which is consistent with the results given in [16].

(b) When the communication topology degenerates to a
connected undirected graph, a special kind of balanced
digraph that contains a directed spanning tree, the suf-
ficient condition (23) implies (10) in Theorem 6, which
shows the consistency.

5 Conclusion

This paper derived sufficient and necessary conditions for

mean square consensus of linear multi-agent systems un-

der both undirected and balanced directed communication

topologies. It was shown that in both the cases, the control

theoretical channel capacity, the synchronizability of net-

work topology, and the instability degree of the dynamical

system are closely related to each other. However, since the

Laplaican matrix of a directed graph has complex eigenval-

ues, the proposed methods can not be applied directly to the

unbalanced directed communication topology case. Besides,

for LTI dynamics with multiple outputs, the gap between the

sufficient and necessary conditions will not diminish. Fur-

ther work is needed to fully quantify the effects of the un-

balanced directed communication topology and the multiple

outputs on the consensusability of the multi-agent systems.
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