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Abstract

Classical control theory assumes that the communication links connecting plants,
sensors and controllers are perfect. However, this is not true in practical applica-
tions. The imperfection of communication channels would introduce uncertainties
into feedback control systems, which might impact the stability and performance of
the corresponding control system. Different issues arise when different communica-

tion channels are used in control systems, such as the minimal data rate, tolerable

time delay and minimal [signal-to-noise ratio| (SNR]), etc. This thesis focuses on

the fading phenomenon in wireless communications and studies how channel fading

affects the stability of feedback control systems.

In the first part of this thesis, we consider the mean square stabilizability problem

of discrete-time [linear time-invariant| (LTI) systems controlled over fading chan-

nels. Firstly, we consider the power constrained fading channel, which suffers from

both constraints and the time-varying independent and identically distributed]

(i.i.d.)) channel fading. We try to characterize channel requirements for the existence
of coding and controlling policies that can mean square stabilize the linear system.
We show that there is a fundamental limitation on the mean square stabilizability.

For scalar systems and two-dimensional systems, necessary and sufficient conditions

for the mean square stabilizability are provided. Moreover, [time division multiple]

access| (TDMA|) and adaptive TDMA|communication schemes are designed for high-

dimensional systems, which are proved to be optimal under certain situations. Then

we proceed to study the mean square stabilizability problem over Gaussian finite-

state Markov channels, which suffer from both constraints and the correlated
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channel fading modeled by a Markov chain. Similarly, the existence of a funda-
mental limitation for mean square stabilizability is proved. Sufficient stabilization

conditions under [’'DMA| communication schemes are derived in terms of the sta-

bility of a [Markov jump linear system| (MJLS|). Besides, for networked control over

power constrained Markov lossy channels, one special kind of Gaussian finite-state
Markov channels, we present a necessary and sufficient condition for the mean square
stabilizability of two-dimensional systems. Moreover, improved sufficient stabiliz-
ability conditions are derived based on an adaptive communication scheme

for general high-dimensional systems.

In the second part of this thesis, we study the consensusability problem of linear
discrete-time multi-agent systems ) over fading networks with both undi-
rected and directed communication topologies. The agents in the[MAS|communicate
with their neighborhoods through fading channels. We aim to characterize require-
ments on the agent dynamics, channel capacities and the network topology for the
existence of a distributed consensus controller. First of all, we study the consensus
problem under an undirected graph setting. Sufficient conditions to guarantee mean
square consensus are derived with both identical fading networks and non-identical
fading networks. The results imply that the consensusability is closely related to the
statistics of fading networks, the eigenratio of the graph, and the instability degree
of the dynamical system. Then, we consider the mean square consensus problem
over fading networks with directed graphs. Sufficient conditions are firstly pro-

vided for mean square consensus over identical fading networks. For consensus over

non-identical fading networks with directed graphs, compressed in-incidence matrix]

(CIIM]), lcompressed incidence matrix| (CIM)) and [compressed edge Laplacian| (CEL))

are proposed to facilitate the modeling and consensus analysis. It is shown that the
mean square consensusability is solely determined by the edge state dynamics on
a directed spanning tree. As a result, sufficient conditions are provided for mean
square consensus over non-identical fading networks with directed graphs in terms
of fading parameters, the network topology and the agent dynamics. Moreover, the

role of network topology on the mean square consensusability is discussed.
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Chapter 1

Introduction

1.1 Motivation and Objective

r—-> Controller ,'-P Plant -1 Sensor

Quantization Packet loss

Communication Channels

Random delay

Limited capacity

Figure 1.1: Networked control systems

Due to the flexible architecture and ease of installation and maintenance, commu-
nication networks are widely used in control systems, which result in networked
control systems. Networked control systems are ubiquitous in industry and daily
life, such as teleoperation [1], power systems [2] and transportation systems [3].
In networked control systems, wired or wireless communication channels are used
to link components among plants, sensors and controllers to achieve control objec-

tives. While there are many advantages, networked control systems also introduce
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2 1.1. MOTIVATION AND OBJECTIVE

new interesting and challenging problems arising from the limited resources and
unreliability of the communication networks used for information transmission (see
Figure . For example, due to congestion, data losses and transmission delays
may occur in digital communication channels. Besides, in wireless communication
networks, which are widely used in sensor networks and multi-agent systems, com-
munication channels naturally suffer from inference, fading and transmission noises.
Since control is often used in safety- or mission-critical applications, we must take
the uncertainties in communication networks into consideration and investigate how

they affect the stability of control systems.

Traditionally, point-to-point communication is studied under a non-interactive as-
sumption [4]. The emerging of communication networks and the existence of feed-
back in communication channels require to study the interactive communication [5].
Networked control systems provide excellent examples in understanding interactive
communications [6,7]. A better understanding of the role that communication plays
in networked control systems may not only enable us to achieve better control per-
formances, but also allow to boost the development of communication theory, see

results [8-H10].

N

Figure 1.2: Fading phenomenon in wireless communications

Fading is the time variation of channel strengths, which appears in wireless com-
munications in urban, indoor, and underwater environments [11-13]. Usually the

channel fading is caused by two factors: one is the shadowing from obstacles; the
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1.1. MOTIVATION AND OBJECTIVE 3

other one is the multi-path propagation [12,13]. Take Figure as an example. The
wireless signal may transmit through the car. As a result, the signal strength at the
receiver side might be reduced due to the shadowing effect. Besides, the wireless sig-
nal might also undergo through several paths before arriving at the receiver. If the
phases of the received signals from different paths are the same, the signal strength
is enhanced. Otherwise, the signal strength is reduced as a result of cancellation of

radio waves.

Vi Wy

N
R—— &

Figure 1.3: Fading channel model

The fading channel is usually modeled as follows [11] (see Figure
Tt = VSt + Wy, (1.1)

where s, denotes the channel input satisfying an average power constraint, i.e.,
E {s?} < P; r; represents the channel output; v; is the channel fading which repre-
sents the time-variation of received signal power (also known as the channel state)

and w; is an [additive white Gaussian noise| (AWGN) with zero-mean and bounded

variance o2. Depending on the particular propagation environment and communi-
cation scenario, different statistical models can be used for the channel fading v,

(e.g., Rayleigh, Nakagami, Rician) [13].

The stability issues of control over point-to-point communication channels have
been extensively studied over the past few years (e.g., see Chapter . However,
existing results only deal with simple communication models, such as finite data
rate channels, AWGN] channels, etc. For more complex communication models,
such as fading channels, there are only a few results. It is still unclear how the
channel fading and the communication networks affect networked control systems.

In this thesis, we shall study two issues relating to networked control over fading

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



4 1.2. MAJOR CONTRIBUTIONS OF THE THESIS

channels. One is stabilization over fading channels, which would show the role that
the uncertain channel plays in networked control systems. The other one is the
distributed consensus problem over fading networks, which is a simple example to

investigate how the fading networks affect the stability of multi-agent systems.

1.2 Major Contributions of the Thesis

The main contributions of the thesis are as follows:

e Control over power constrained fading channels. Firstly, information theoretic
analysis is conducted for networked control systems, which reveals fundamen-

tal limitations imposed by the power constrained fading channel on stabiliz-

ing unstable [linear time-invariant| (LTI)) systems. Secondly, a communication

protocol with proper encoder/decoder /scheduler for two-dimensional systems
with unstable eigenvalues having different magnitudes is proposed, which pro-
vides an optimal allocation of channel resources to each sub-system. Finally,

ftime division multiple access| (IDMA|) and adaptive [T DMA| communication

schemes are proposed for general high-dimensional systems, and their achiev-

able stabilizability region is analyzed.

e Control over Gaussian finite-state Markov channels. Firstly, necessary condi-
tions for the mean square stabilization over Gaussian finite-state Markov chan-
nels are derived. Secondly, sufficient stabilization conditions under [TDMA]
communication schemes are proposed. Thirdly, for power constrained Markov
lossy channels, a necessary and sufficient stabilization condition is presented
for two-dimensional systems, and improved sufficient stabilization conditions
for general high-dimensional systems with adaptive [TDMA] protocols are de-
rived, which achieve a larger stabilizability region than the [TDMA] communi-

cation scheme.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



1.3. ORGANIZATION OF THE THESIS 5

e Distributed consensus over undirected fading networks. Sufficient conditions
to ensure mean square consensus of discrete-time linear multi-agent systems
(MASE) over analog fading networks are derived for the scenarios of undirected
communication topologies with identical fading networks and undirected com-
munication topologies with non-identical fading networks, respectively. For
scalar systems, the sufficient condition is shown to be necessary. It is shown
that the effect of fading networks on consensusability is determined by the

statistics of channel fadings and the eigenratio of the communication topol-

ogy.

e Distributed consensus over directed fading networks. Firstly, for the consen-
sus problem over identical fading networks, we provide a sufficient consensus-
ability condition in terms of complex eigenvalues of the graph Laplacian and
show that the sufficient condition is necessary when agents are with scalar

dynamics. Secondly, by defining edge states and modeling the consensus error

dynamics using [compressed in-incidence matrix| (CIIM)), compressed incidence]

matrix| (CIM]) and |compressed edge Laplacian| (CEL|), we show that the mean

square consensusability is determined by edge state dynamics on a directed
spanning tree. Thirdly, sufficient conditions are provided for consensus over
non-identical fading networks with directed graphs and the role of the network

topology on the mean square consensusability is discussed.

1.3 Organization of the Thesis

This thesis is organized as follows. Chapter [l| briefly summarizes the motivation, the
objective of research and the contributions of this thesis. Chapter [2|is the literature
review of related research topics. Chapter |3| discusses the mean square stabiliza-
tion problem over power constrained fading channels. Chapter [4] studies the mean
square stabilization problem over Gaussian finite state Markov channels. Chapter

and Chapter [0] investigate the distributed consensus problem over undirected fad-
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6 1.3. ORGANIZATION OF THE THESIS

ing networks and directed fading networks, respectively. In Chapter [7, we provide

conclusions and remarks about future work.
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Chapter 2

Literature Review

Control over communication channels/networks has been a hot research topic in
the past decades |14H16], motivated by the rapid developments of wireless com-
munication technologies that enable the wide connection of geographically dis-
tributed devices and systems. However, the inclusion of wireless communication
channels/networks also introduces challenges in the analysis and design of control
systems due to constraints and uncertainties in wireless communications. We must
take the communication channels/networks into consideration and study their im-
pact on the stability and performance of control systems. This section briefly reviews

existing results on control over communication research.

2.1 Basics of Communication Theory

The focus of this thesis is to characterize the critical channel requirement such that
the feedback control system can be mean square stabilized. Since the communica-
tion channel is used to transmit information about the system state as illustrated
in Figure [I.1] it is expected that if the channel capacity is large enough, the feed-
back connected system can be mean square stabilized. From this perspective, the
communication channel capacity might be critical for the mean square stabilization

of control systems.
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8 2.1. BASICS OF COMMUNICATION THEORY

W xn yn 174
—> Encoder Channel p(y|z) Decoder |——

Figure 2.1: Point to point communication system

The channel capacity problem is fundamental in communication theory, since it dic-
tates the maximum data rates that can be transmitted over channels with asymp-
totically small error probability [12,/13]. In this subsection, we briefly review the
communication channel capacity definitions, and discuss why the communication
theoretic channel capacity is not the critical characterization of the capacity re-
quired for controls. We only discuss discrete memoryless channels and most of the

definitions are borrowed from [4].

A discrete memoryless channel consists of three parts: an input alphabet X', an out-
put alphabet ) and a probability transition matrix p(y|x) that describes the prob-
ability of observing the output symbol y given the input symbol . The channel is
memoryless if the probability distribution of the current channel output conditioned
on the current channel input is independent of previous channel inputs or outputs.
The configuration of the point to point communication system is depicted in Fig-
ure 2.1 We want to transmit a message W reliably through the communication
channel with appropriately designed channel encoders and decoders. The (M, n)

code in a communication system is defined as follows.

Definition 2.1.1 ((M,n) code). An (M,n) code for the channel (X, p(y|z),Y) con-

sists of three parts:

1. A message index set {1,2,...,M}.

2. An encoding function X" : {1,2,..., M} — X™, generating codewords x™(1),
x™(2), ..., a™(M).

3. A decoding function g : Y" — {1,2,..., M}, generating an estimate for the

transmitted message index.

The performance of the code is measured by the decoding error.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



2.1. BASICS OF COMMUNICATION THEORY 9

Definition 2.1.2 (Decoding error). The mazimal probability of error for an (M,n)
..... ayPr(g(Y") # 1| X" = 2"(i)).

code is defined as A\ = max;e (1,2
The communication channel capacity which measures the maximal capacity for re-
liably transmitting the information is defined below.

Definition 2.1.3 (Channel capacity). The rate R of the (M,n) code is defined as

- log M

bits per transmission.

A rate R is achievable if there exists a sequence of ([2"F],n) codes such that \(™)
tends to 0 as n — co. The channel capacity C is then defined as the supremum of

all achievable rates.

The channel capacity in Definition [2.1.3]is called the Shannon channel capacity, since
C. E. Shannon proved in the channel coding theorem that this channel capacity
equals the mutual information of the channel maximized over all possible input

distributions [4}|17]:

C =max 4 (X;Y),

p(z)

where the mutual information .#(X;Y) is defined as

Ve S oo M)
SEY)= 3 plnvloe ey

The Shannon capacity of fading channels has been studied under various scenarios
in [11,18-21]. For example, it is proved in [11] that if the channel state information

is available at the receiver side, the Shannon channel capacity of a fading channel is

<1 2p
C= / 3 log(1 + ——)p(7)d7,
0 g

2
where p(7) is the probability distribution function of the channel fading .
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10 2.2. CONTROL OVER COMMUNICATION CHANNELS

The Shannon channel capacity in Definition [2.1.3] assumes that the capacity achiev-
ing code can be sufficiently long, which would inevitably result in a large delay.
Since delay is critical in control systems, we may expect that the communication
theoretic Shannon channel capacity is not the right choice for controls. This has
been confirmed in [7], where the authors define another kind of channel capacity,
named the anytime capacity, and show that the anytime capacity should be the
critical characterization of channel capacities for controls when moment stability is
concerned. However, there is no systemic method to calculate the anytime capac-
ity. In the following, we will briefly review existing results to show requirements on

communication channels for the stabilization of networked control systems.

2.2 Control over Communication Channels

2.2.1 Control over Noiseless Digital Channels

For control systems with components connected through noiseless digital commu-
nication channels, the celebrated data rate theorem [22] is an important result in
the past decades. The data rate theorem states that to keep the state of a scalar

unstable discrete-time linear system

Tiy1 = )\xt + Uy + wy (21)

mean square bounded, the data rate R for the digital communication channel that

connects the sensor to the controller should satisfy that

R > log |A|. (2.2)

Intuitively, this result has the following explanation, see Figure The controller
wants to compensate for the expansion of uncertainties in the state estimation during
the communication process. To ensure the boundness of the system state, \?/2%

should be smaller than one, which gives the data rate theorem.
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Figure 2.2: Intuitive explanations of the data rate theorem
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The result in (2.2) resembles the Shannon’s source channel coding theorem [4], with
the left hand side being the Shannon channel capacity and the right hand side
the source’s uncertainty measure. Indeed, the right hand side of denotes the
information generating speed of the [LT]| system [8,[23], which is generating infor-
mation about the unknown initial system state. This resemblance also motivated
researchers to study control systems from the perspective of information theory, e.g.,

see [24}34].

2.2.2 Control over Stochastic Digital Channels

For noisy channels, the stability problem is more complex. For moment stability, [7]
shows that the Shannon capacity is too optimistic while the zero-error capacity is too
pessimistic, and the anytime capacity is introduced to characterize the stabilizability
conditions. Essentially, to keep the n-moment of the state of an unstable scalar plant
bounded, it is necessary and sufficient for the feedback channel’s anytime capacity
corresponding to anytime-reliability o = nlog|A| to be greater than log|A|, where A
is the unstable eigenvalue of the plant. The anytime capacity has a more stringent
reliability requirement than the Shannon capacity. However, it is worthy noting that
there exists no systematic method to calculate the anytime capacities of channels. In
control community, the anytime capacity is usually studied under the mean square
stability requirement, and is named as the mean square capacity. In the following,
we survey related results that aim to determine requirements on noisy channels to

ensure that the feedback connected linear systems can be mean square stabilized,
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which, one the other hand, reveals the mean square capacities for the channels

studied.

One important kind of communication channels is the time-varying digital channel.

Reference [35] assumes that the data rate R; of the time-varying digital channel

under consideration is stochastic and independent and identically distributed| ({i.i.d.)),

and gives the mean square stabilizability condition for a connected discrete-time
[LTT system. The authors show that for scalar systems, to ensure the mean square
stabilizability, the following condition should be satisfied

)\2
22Rt

E{ P <1 (2.3)
Similar to the explanation of data rate theorem for noiseless channels, (2.3]) intu-
itively implies that to ensure mean square stabilizability, it is necessary and suffi-
cient for the average expanding factor of the system state during one iteration to
be smaller than one. For vector systems, necessary and sufficient conditions are

provided in the form of stability regions or characterized by rate vectors [35].

For a stochastic rate limited channel, [36] further shows that the minimum data
rate for the stabilization of a single-input vector system is explicitly given in terms
of unstable eigenvalues of the open-loop matrix and the packet dropout rate, which
clearly reveals the amount of the additional bit rate required to counter the effect
of packet dropouts on stabilization. Sufficient data rate conditions for mean square
stabilization of multiple-input vector systems are also derived there. When the
packet drop is correlated over time, the problem becomes much more complicated.
Reference [37] studies mean square stabilization of linear systems over networks with
Markovian packet drops. Since the sojourn time of the time-homogeneous Marko-
vian process that models the two-state packet drop process is [38], a randomly
sampled system approach is developed in [37] to derive the mean square stabiliz-
ability condition. The same method is also adopted when deriving the data rate
theorem with the additional consideration of system uncertainties in [39]. Borrow-

ing results from Markov jump linear systems, the mean square stabilizability results
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for a more general n-state Markovian packet drop process are given in [40], which
contains the two-state Markovian packet drop process as a special case. The existing
results in [35-37,140] are both necessary and sufficient for scalar systems. However,
for vector systems, generally there exists a gap between the derived sufficient condi-
tions and necessary conditions. The main difficulty for deriving conditions that are
both necessary and sufficient is how to optimally allocate the bits to each unstable

sub-system.

2.2.3 Control over Real Erasure Channels

Another kind of time-varying digital channels is the real erasure channel. For such
a channel, during every successful transmission, the channel capacity is infinity.
Reference [41] considers the stability problem of Kalman filtering over a real erasure
channel. The authors show that there exists a critical packet drop probability,
above which the estimation error covariance matrix diverges and below which the
estimation error covariance matrix converges to a constant matrix. The critical
packet drop probability is related to the unstable eigenvalues of the system matrix.
Later, extensions to the study of the tail distribution and the weak convergence

to a stationary distribution on the estimation error covariance matrix are provided

in [42/44].

This problem can be easily extended to stabilization and control of [LTT| systems

closed over an intermittent channel between the controller and the actuator. Ref-

erence [45] studies the [linear quadratic Gaussian| (LQG]|) control problem with the

actuator and controller connected through a real erasure channel. It is shown that
for transmission control protocol (TCP) like channels, i.e., there exists an acknowl-
edgment about the packet drop event, the optimal LQG|controller is a linear function
of the estimated state. While for the user datagram protocol (UDP) like channels,
the optimal [LQG]| controller is in general nonlinear. The critical packet drop prob-
ability to ensure mean square stabilization of systems closed over intermittent

channels is given in [46] under an packet drop assumption and in [47] under a
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Markovian packet drop assumption. Here, it should be noted that the critical packet
drop probability for intermittent channels can also be obtained from stochastic rate
channels by letting the instantaneous channel capacity be infinity within one suc-
cessful transmission. The results thus obtained in [35] can recover the results in [46]

and the results obtained in [40] imply the results in [47].

2.2.4 Control over Analog Channels

The above results focus on digital channels. As to analog channels, [48] consid-
ers the mean square stabilization problem over a pure multiplicative noise channel,
and derives the mean square capacity of such channels. Since the packet
drop channel is one special kind of pure multiplicative noise channels, the results
obtained in [48] can be easily used to derive the results for packet drop chan-
nels. Reference [49] further derives sufficient conditions and necessary conditions for
mean square stabilization of multiple-input multiple-output systems controlled over
parallel multiplicative noise channels. Reference [50] proposes a channel-controller
co-design approach with channel resource allocations to stabilize [LTI| systems con-
trolled with imperfect input channels when the total input channel capacity is fixed.
When the sub-channel capacities are fixed a priori, [51] derives the stabilizabiity
condition with a majorization approach. The joint effect of the quantization and
multiplicative noise, the time-delay and multiplicative noise on the mean square
stabilizability are studied in [52] and [53-55], respectively. Reference [56] consid-
ers LQG-like control of scalar systems over communication channels suffering from
data losses, delays and SNR limitations. The authors show that the stability of the
closed-loop system depends on a tradeoff among the constraint, packet loss
probability and time-delay.

The control of systems with random input gains is studied in [57,[58]
under the framework of channel/controller co-design. It is shown that the optimal
control problem is feasible if and only if the system is mean-square stabilizable and

detectable. Reference [59] further studies the finite-horizon and infinite horizon
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stochastic optimal control problems for systems with both multiplicative noise and
input delay. A necessary and sufficient condition for the optimal control is obtained.
Reference |60] considers the problem of linear encoding and decoding designs for
optimal feedback control of a stochastic scalar system when the sensed signal is
to be transmitted over a finite capacity communication channel, which is subject
to [SNR] constraints and packet losses. The optimal strategy when perfect channel

feedback is available is characterized.

Reference [61] studies the mean square stabilization problem over an[AWGN|channel
and characterizes the critical capacity to ensure mean square stabilizability. The
authors show that to ensure the mean square stabilization of a networked scalar

system, the channel parameters should satisfy the following relation

P

52
O-(IJ

1
log [\ < ilog(l + =) (2.4)

with P /o2 denoting the [signal-to-noise ratio| (SNRJ) of the [AWGN]| channel. They
also show that for the output feedback case, the capacity required for the

channel is generally larger than that of the state feedback case, unless the plant is
minimum phase. They further show that the extension from linear encoders/decoders
to more general causal encoders/decoders cannot provide additional benefits of in-

creasing the channel capacity [62].

Specifically, the results stated above deal with multiplicative noise channels or
[AWGN] channels separately. While in wireless communications, it is practical to
consider them as a whole. Reference [63] has derived the necessary and sufficient
condition for such kind of channels to ensure the mean square stabilizability under
a linear encoder/decoder. It is still unknown whether we can achieve a larger stabi-
lizability region with a more general causal encoder/decoder. We provide a positive
answer to this question in Chapter [3] and Chapter [l For scalar systems, the prob-
lem lies in how to design encoders/decoders to render the closed-loop system mean
square stable. For channels, [64] proposes encoder/decoder designs based on
the Schalkwijk coding scheme [65], which utilizes the noiseless channel feedback to
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consecutively refine the estimation error. It is shown that such encoding/decoding
schemes can stabilize scalar unstable systems with the minimal channel capacity re-
quirement indicated in [62]. In Chapter[3] we show that a modification of this coding
scheme can stabilize scalar systems controlled over power constrained fading chan-
nels, which suffer from channel fading and constraints. For vector systems,
the difficulty is how to optimally allocate channel resources among sub-systems.
When the channel is only with Gaussian noise, [64] employs a time-invariant allo-
cation with the strategy to solve this problem. The transmission through
the channel is scheduled periodically. During every period, each sub-system is al-
located a fixed portion of transmission slots proportional to the logarithm of the
magnitude of the corresponding unstable eigenvalue. It is shown that such alloca-
tion together with proper encoder/decoder pairs can stabilize the vector system.
Moreover, from the results in [62], we know that such strategy is optimal,
which means that the fixed allocation with the [TDMA| strategy provides the exact
channel resource required for stabilization of each sub-system. However, when fad-
ing exists, since the channel may have different capacity at different time due to
the stochastic nature of the fading, the time-invariant allocation fails to provide the
critical channel resource for stabilization of each sub-system. Similar issue is also
encountered in networked control over rate limited communication channels. When
the digital channel is with constant data rate, [22] shows that the time-invariant
allocation achieved by time-sharing is optimal. When the digital channel is with
stochastic data rate, the time-invariant allocation in [35] is only sufficient. The sta-
bilizability region achieved in [35] is a convex hull, which can be conservative even
for two-dimensional systems. Therefore, we propose to use time-varying allocations

to achieve larger stabilizability regions in Chapter [3] and Chapter [4]

2.3 Control over Communication Networks

The existing results for networked control over communication channels are rather

comprehensive and satisfactory. As to control over communication networks, there
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are scant results. The results obtained in [45] show that depending on whether
there exists a channel feedback or not, the optimal control structure is quite differ-
ent. The results reveal the importance of information structure in networked control
systems, which actually is well-known [66,67]. Different from the information struc-
ture caused by channels’ properties, such as whether there exists a channel feedback,
the structure of communication networks also imposes constraints on the available
information to each pair of encoder and decoder. Moreover, as noted in [68], differ-
ent from control over point-to-point communication channels, the information flow
in decentralized control over communication networks is implicit! The plant not
only serves as source as in control over point-to-point communication channels, but
also serves as channels in decentralized control. Thus the study of control over com-
munication networks is more difficult than the study of control over point-to-point
communication channels. In the following, we review some control over communi-
cation networks problems, in which there exist certain communication structures.
The effects those communication structures placed on the networked control system

are reviewed and related control problems are discussed.

2.3.1 Control over Multiple Access Channel /Broadcast Chan-

nels

The multiple access channel| (MAC]|) and [broadcast channel| (BC|) are two important

kinds of communication channels in wireless communication, for which there exist
several senders and one receiver or one sender and several receivers. The capacity

regions for [MAC| and [BC| are well known when there exists no feedback from the

channel output to the channel input, see [4,[5]. Different from the discrete mem-
oryless channel in point-to-point communication, for which Shannon asserts that

feedback does no help in increasing the channel capacity, feedback can essentially

enlarge the capacity regions of MAC| and [BC| [69]. In [70,71], the authors charac-

terize the critical channel capacity regions for two-user MAC| with channel feedback

and provide a bound for two-user [BC| with channel feedback. The methods adopted
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in [70,|71] are extensions of the well-known Schalkwijk scheme for communication

over AWGN channels with feedback [65]. Later, [72] extends the methods pro-

posed in [70}71] to more general n-user [MAC|and [BC| with channel feedback, which

also apply to inference networks. The proposed methods in [70}/71] are also used
in [73}|74] to derive mean square stabilizability conditions for control over MAC|and
BCl However, the derived necessary conditions and sufficient conditions are too
coarse to provide insight into how communication network structures in and

affect the stabilizability of control systems.

2.3.2 Decentralized Stabilization under Communication Con-

straint

Decentralized control under communication constraint is another problem that is
studied in control communities. Decentralized control system is a control system
equipped with multiple sensors and controllers. Each sensor and controller can only
observe and control partial states of the plant, respectively. Thus each sensor only
has limited information about the systems states. For decentralized control under
communication constraints, the first intriguing result is given in [75]. The paper
studies a control system with multiple sensors and a single controller. There ex-
ist data rate limitations among the communication channels between the sensors
and the controller. The derived results show that to ensure the stabilizability, it is
necessary that the total communication rate associated with every unstable mode
summed over the sensors that can observe this mode is greater than the logarithm
of the magnitude of this unstable eigenvalue. And also, the obtained result has a
max-flow min-cut interpretation. The result is further extended in [76] to multiple-
controller case, where they relate the data rate for each channel that connects the
sensor and the controller to the unstable eigenvalues via the observable space of
the sensor and the controllable space of the controller. The sum-rate minimization
problem is studied in [77,/78]. In [77], they show that for a multiple-sensor single-

controller decentralized control system, the sum-rate is the same as the centralized
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control. Thus there is no rate loss on performance due to decentralization. However,
for the case when there exist multiple controllers, i.e., there does not exist a central-
ized decoder at the plant, there is in general a rate loss in decentralized systems as
compared to centralized ones [78|. The derived results in [77,[78] provide insight into
how communication structures affect the stability and performance of the networked
control system. Reference [47] studies the decentralized control problem with two
sensors and one controller communicated over packet erasure channels, where the
authors derive necessary and sufficient conditions on the channel parameters to en-
sure mean square stabilizability. However, for other communication channels, such

as the more realistic fading channels, there still exist no results.

2.3.3 Distributed Consensus over Communication Networks

In many applications, single-agent systems are incapable of dealing with complex
tasks, and cooperation among [MASE becomes necessary. Among various coopera-
tive tasks, consensus, which requires all agents to reach an agreement on certain
quantity of common interest, builds the foundation of others [79-81]. One question
arises before control synthesis: whether there exist distributed controllers such that
the can achieve consensus. This problem is usually referred to as the con-
sensusability of [MASE. Several important results have been derived to answer this
question, under an undirected/directed communication topology [82-85]. In [82],

it is shown that to ensure the consensus of a continuous-time linear [MAS| the [LTT|

dynamics should be stabilizable and detectable, and the undirected communica-
tion topology should be connected. Furthermore, references [83,[86] show that for
a discrete-time linear [MAS] the product of the unstable eigenvalues of the system
matrix should additionally be upper bounded by a function of the eigenratio of
the undirected graph. Extensions to directed graphs and robust consensus can be
found in [84,[85]. Most of the consensusability results discussed above are derived
assuming perfect communications. However, this is not the case in practical ap-

plications, where communication channels naturally suffer from limited data rate
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constraints, signal-to-noise ratio constraints, time-delay and so on. Therefore, it
is necessary to study the consensusability problem of [MASE under communication

channel constraints.

Reference [87] considers the average consensus problem for discrete-time first-order
[MASE over rate-limited channels with undirected graphs. A distributed consensus
protocol based on dynamic encoding and decoding is proposed. The authors in [87]
show that the average consensus can be achieved with only one bit information ex-
change between each pair of adjacent agents at every time step. The extensions
to the case with bounded time-delay and time-varying graphs for first-order
can be found in [88] and [89], respectively. Reference [90] considers the distributed
coordination problem of second-order multi-agent systems with partially measur-
able states under rate-limited communication channels. A quantized-observer based
encoding-decoding scheme and a distributed coordinated control law is proposed.
The authors prove that two bits quantizations are sufficient for the asymptotic
synchronization of agent states. Determining the critical data rate for distributed
consensus of general n-th order MASE can be challenging. Only limited results exist
for special kinds of n-th order systems; see [91,92]. The consensusability problems
of discrete-time linear with a bound input delay for undirected graphs and di-
rected graphs are studied in [9394] and [95], respectively. Utilizing techniques from
robust control, the authors in [93-95] characterized the maximal tolerable time-delay
for the existence of a linear distributed consensus controller. The results show that
the consensusability is related to the time-delay, unstable poles and non-minimum
phase zeros of the system dynamics. Reference [96] studies the distributed consensus
problem for linear [MASE over uncertain communication channels. The communica-
tion channels suffer from deterministic uncertainties, which can be additive pertur-
bations described by either transfer functions or norm bounded matrices. Necessary
conditions are derived in terms of the Mahler measure of the agents for the existence
of a distributed consensus protocol. The authors also present sufficient consensus
conditions in terms of linear matrix inequalities. The consensusability problem of

linear MASE over fading channels are studied in [97,98] for discrete-time systems and
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continuous-time systems respectively. Reference |97 considers the distributed esti-
mation problem over analog fading networks using constant-gain estimators. Neces-
sary and sufficient conditions on communication networks for bounded mean square
estimation error covariance are characterized, which reveal the fundamental limi-
tation on distributed estimation induced by local communications, channel fading,
and system dynamics. Reference [98] obtains similar conclusions. It is show in [98]
that the multi-agent consensusability depends on parameters of system dynamics,

the communication graph, channel uncertainties, and the time delay.

In this thesis we are interested in the consensusability problems of discrete-time
linear over fading networks. The framework considered in [97] deals with
identical fading networks with undirected communication topologies only. It is still
unknown how the directed communication topology and non-identical fading net-
works affect the consensusability of [MASE, and this problem will be analyzed in
Chapter [5] and Chapter [6]
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Chapter 3

Stabilization over Power

Constrained Fading Channels

3.1 Introduction

Traditionally, control over multiplicative noise communication channels and addi-
tive noise communication channels are studied separately, see [48,61,/62]. While in
wireless communications, since the [SNR] constraint and the channel fading are both
unavoidable |12]13], it is practical to consider them as a whole. In this chapter, we
are interested in a power constrained fading channel which is subject to both fading
and constraints. We aim to characterize the conditions on the communication
channel to ensure the mean square stabilization of discrete-time systems. Note
that [63] has derived the necessary and sufficient condition for such kind of chan-
nels to ensure mean square stabilizability under a linear encoder/decoder. It is still
unknown whether we can achieve a larger stabilizability region with a more general
causal encoder/decoder. This chapter provides a positive answer to this question.
While this chapter only studies the state feedback case, the techniques proposed in
Chapter {4] can be used to address the output feedback case.

This chapter is organized as follows. The problem formulation is provided in Sec-

tion [3.2l The fundamental limitation of stabilizability over a power constrained
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fading channel is studied in Section [3.3] In Section [3.4] conditions for the mean
square stabilizability are provided. Section [3.5| provides numerical illustrations.

This chapter ends with concluding remarks in Section [3.6]

3.2 Problem Formulation
This chapter studies the following discrete-time linear system
Tir1 = Aﬂft + But, (3].)

where x € R” is the system state, u € R is the control input and (A, B) is control-
lable. The initial state xg = |21, ..., Zn0|" is randomly generated from a Gaussian
distribution with zero mean and bounded covariance matrix. Without loss of gen-

erality, the following assumption is made as in [35]64].

Assumption 3.2.1. All the eigenvalues of A are either on or outside the unit circle.

The configuration of the networked control system is depicted in Figure |3.1 The
system state z; is observed and encoded by the sensor/encoder &;(+) and transmitted
to the controller/decoder Z;(-) through a slow fading channel. The sensor/encoder
&;(+) and the controller/decoder Z,(-) are allowed to be of any causal form and can
use all the available information till time ¢ to generate their output. The fading
channel is modeled as

Tt = VSt + Wy, (3.2)

where s; denotes the channel input, which has an average power constraint, i.e.,
E{s?} < P; r, represents the channel output; {7} is the[ii.d] channel fading with
bounded mean and variance; {w; }+>o is an [AWGN]| with zero-mean and variance o?.
We also assume that xq, {7 }:>0, {w: }+>0 are independent; after each transmission,
the instantaneous fading 7, is known at the decoder side at every step and there
exists a channel feedback that transmits one-step delayed information of r;,y; from

the decoder to the encoder.
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Figure 3.1: Networked control over a power constrained fading channel

In this chapter, for the given plant (3.1]), we try to characterize requirements on the
power constrained fading channel (3.2)), such that there exist coding and controlling
strategies {&:(-) }+>0, {Z:(*) }+>0 that can mean square stabilize the system, i.e., to

render limy; o, E{z;2}} = 0.

Remark 3.2.1. The knowledge of the fading level at the decoder side can be obtained
for slow fading channels via receiver estimation in each sampling interval [12]. In a
pilot-based channel estimation scheme, a known sequence is firstly transmitted and
used for the receiver to estimate the channel state. Since the fading is slow varying
and approximately constant in each sampling interval, the channel fading can be
estimated with reasonable accuracy (12,|15]. Thus to simplify the study, we assume

the perfect knowledge of the channel fading as in [99).

Remark 3.2.2. Noiseless channel feedback may not be available in some settings.
However, there are situations where this assumption is natural [65,|100]. A good
example is the communication with a satellite. The power in the ground-to-satellite
direction can be much larger than in the reverse direction that the first link can
be considered as a (essentially) noiseless link [65]. Besides, fading can be used
to model quantization effects in digital channels [101], where knowing the channel
wput equally means knowing the channel output. Fading channels can also be used to
model channels suffering from the packet loss [48], where the use of acknowledgment
15 equivalent to having a noiseless channel feedback. In some scenarios, the channel

feedback can be realized through the plant with suitable designed control policies |102].
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Thus the assumption of noiseless channel feedback is widely used in network control

research, see [7,25,(100,[103-106].

Remark 3.2.3. The remote control setting in Figure[3.1] has been widely adopted in
networked control research (e.g., [35,(37,140]). The aerial robotics research platform
in [107] is one example of our feedback control configuration. The attitude and
position of the aerial robot are observed via a sensing system such as a motion
capture system. The observed value is processed on one or more standard computers
and then transmitted to the aerial robot over wireless channels to implement the

control algorithm.

3.3 Fundamental Limitations

Since the entropy power provides a lower bound for the mean square value of the
system state [62], we can treat the entropy power as a measure of the uncertainty
of the system state and analyze its update, which poses a fundamental limitation
of networked control over fading channels. The result is formalized in the following
lemma. The proof essentially follows the same steps as in [35/62,/105], however, with

some differences due to the channel structure.

Lemma 3.3.1. There exist coding and controlling strategies {&:(-) }>0, {Z:(*) }t>o0,
such that the system can be mean square stabilized over the channel , only
of

(det A)*E {e—*} <1, (3.3)

where ¢; = %ln(l + 75—273) is the instantaneous Shannon channel capacity of (3.2)).

The following definitions are needed in the proof of Lemma and are stated first,
which are borrowed from [62]. Let fy and fy, denote the probability density of a
random variable X, and the probability density of X conditioned on the event Y = v,
respectively. The differential entropy of X is defined as .7 (X) = —E {In fx}. The
entropy of X conditioned on the event Y = y is defined by J7,(X) = Z(X|Y =y) =
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—E,{In fx|,}. The random variable associated with J,(X) is denoted by 4 (X).
The conditional entropy of X given the event Y = y and averaged over Y is defined
by #(X|Y) = E {74 (X)}, and the conditional entropy of X given the events Y =y
and Z = z and averaged only over Y by 2 (X|Y) = E. {74 2(X)}. The mutual
information between two random variables X and Y conditioned on the event Z = 2
is defined by Z.(X;Y) = (X)) —.(X|Y). Given a random variable X € R, the

1, 2(X)

entropy power of X is defined by A (X) = 5=¢

e . Denote the entropy power

of X given the event Y = y by A,(X) = %me%%(X), and the random variable
associated with .4,(X) by .45 (X). The conditional entropy power of X given the
event Y = y and averaged over Y is defined by A4 (X|Y) = E{ A4 (X)}. For
any encoding strategy, the following lemma shows that the amount of information

that the channel output contains about the source equals that the channel output

contains about the channel input.

Lemma 3.3.2. Let X be a random variable, f(X) be a function of X, and Y =
F(X)+N with N being a random variable that is independent of X. Then #(X;Y) =
F([(X);Y).

Proof. Since (Y |X) = 2 (Y|X, f(X)) < (Y|f(X)), wehave 7 (Y) = I (X;Y)+
HYIX) < IZ(X,Y)+2Y|f(X)). Thus

HY) =AY (X)) =7(Y; [(X)) < F(X;Y).

Besides, since X — f(X) — Y forms a Markov chain, Y — f(X) — X also forms
a Markov chain. The data processing inequality [4] then implies that .#(X;Y) <
J(f(X);Y). Combining the two facts, we have .Z(X;Y) = Z(f(X);Y). O

Proof of Lemma |3.5.1: Here we use the uppercase letters X', S, R,[' to denote
random variables of the system state, the channel input, the channel output and
the channel fading. We use the lowercase letters x,s,r,v to denote their realiza-
tions. The average entropy power of X; conditioned on (R',T'*) is A (AR, TY) =
E{ At re(X)} € E{Ere o { M (X)) € L E{Eri pe{en o001} where

2me
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(a) follows from the law of total expectation and (b) from the definition of entropy

power. Since

, (c) ,
B {2 (0} £ (B0 U a0

(d) 2001 1 (X Re)

= ¢gn T

8% (»%”thlwt (Xe)=F -1 o (Xt;Rt))

%(jg;tfl’,yt (Xe)=I -1 1 (Xt§Rt))

v

©) (2(Hrm1 p (X)=F 11 e (StiR))

where (c) follows from Jensen’s inequality; (d) from the definition of conditional
entropy; (e) from Lemma [3.3.2) (f) from the definition of channel capacity, i.e.,
Fri-1(S; Ry) < ¢ and (g) from the fact that &} is independent of I';, we have

1
JV(Xt|Rt,Ft) > 2_E{e—%cte%<%”7gt71,rt71(Xt)} — E{e_%Ct}J/(Xt|Rt_l,Ft_l).
e

Since

eg Ayt t(Xeg1) en%t t (AX+BUy) (h) e%jf;tﬂt(AXt)

@) 27, (X)+2In|det A

:en T

:(detA)nen et (X),

where (h) follows from the fact that v, = Z(r*,4") and (i) from Theorem 8.6.4

in [4], we have

N (X1 |RETY) = E{—(detA) en Rt Y = (det A)n N (X|RE,TY).
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In view of the above results, we have
N (X [RTY) > (det A)mE{e 7 ha (L[R!, T,

In light of Proposition II.1 in [62], to ensure mean square stability, A4 (X;11|R?, ')
should converge to zero asymptotically, which requires (det A)%]E{e_%ct} < 1. The
proof is completed. ]

Let A1, ..., \q denote the distinct unstable eigenvalues (if \; is complex, we exclude
from this list its complex conjugate) of A in with |A1] > [A2] > ... > |l
Let m; represent the algebraic multiplicity of each A;. The real Jordan canonical
form J of A then has form that J = diag(.Jy,. .., Jq) € R™" [22], where J; € R¥">*¥
and |det J;| = |\

Vi

, with v; = m; if \; € R, and v; = 2m,; otherwise. We can

equivalently study the following dynamical system instead of ((3.1)
Tir1 = JCL’t + OBUt, (34)

for some transformation matrix O. Each block J; has an invariant real subspace
A,, of dimension p;0;, for any o; € {0,...,m;}, where o; = 1 if \; € R, and
0; = 2 otherwise. Consider the subspace A formed by taking the product of A,,
1=1,...,d. The total dimension of A is Zle 0;0; and the real Jordan form for the

2% Since (3.1) is mean

square stabilizable, the dynamics in the subspace A is also mean square stabilizable.

dynamics in the subspace A is JY with |det JY| = [, |\

In view of Lemma [3.3.1], the following fundamental limitations can be obtained.

Theorem 3.3.1. There exist coding and controlling strategies {&;(-) }i>0, { Z:(*) }+>o0,
such that the system (3.1) can be mean square stabilized over the channel (3.2) only
if In|\l,...,In|\g|)" € RY satisfy that for all o; € {0,...,m;}, i = 1,...,d with

0= j :?:1 0i0i,
d 2
o g
;0; 111 | A\ —InE —_ . 3.5
;190 n| |< 2n {(03}_{_%273) } ( )

Theorem [3.3.1]/implies that even in the presence of a noiseless channel feedback, there

Q=

still exists a fundamental limitation for the stabilizability of networked control over
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power constrained fading channels. Besides, for scalar systems where A = Ay, In |\ |

should satisfy the following constraint to ensure mean square stabilizability

2

1 o
In [\ ——InEL ——¥ 4. .
nuf <=5 {UZMEP} (3.6)

Moreover, for two-dimensional systems with distinct eigenvalues A1, Ao, the following

requirement in addition to (3.6]) should be satisfied

o? 2

3.4 Mean Square Stabilizability

The existence of a noiseless channel feedback implies that there is no dual effect
of control [108], i.e., separation between estimation and control holds, which will

simplify the coding design. Indeed, we have the following lemma.

Lemma 3.4.1 ( [105]). If (A, B) is controllable, and there exists an estimate I,
for the initial system state xo, such that the estimation error e, = Ty — xo satisfies

the following property,

E{e} =0, (3.8)
tllglo A'E {e,el} (A) =0, (3.9)

the system (3.1)) can be mean square stabilized by the controller

t
U = K(Ati’t + Z At_iBui_l)
i=1

with K being selected such that A+ BK 1is stable.

Remark 3.4.1. Assumption can be justified from Lemmal|3.4.1. Suppose that

the system matriz A contains eigenvalues that are within the unit circle. Then,
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the real Jordan canonical form J of A has the diagonal structure J = diag(J,, Js),
where J, contains eigenvalues that are either on or outside the unit circle and Jg
contains eigenvalues that are within the unit circle. The initial system state xq can
be partitioned correspondingly as xg = [, o, T4 |, with x,0 being the initial system
state that corresponds to eigenvalues either on or outside the unit circle and xs
corresponding to eigenvalues within the unit circle. In view of Lemma |3.4.1), if
there exists an estimate &y = [y, ,, 2, ,]" for the initial system state xo, such that
the estimation error e, = &, — xo = [€],,, €| satisfies and (3.9), the system
can be mean square stabilized. The conditions (3.8) and are equivalent to the

following requirements

E{e.} =0, (3.10)
lim JIE {e, €, .} (J)" =0, (3.11)
t—00 ’

E{es:} =0, (3.12)
Jim JIE {es el ) () =0. (3.13)

Simply let &5, = 0. Since limy_o J: = 0 and E{xso} = 0, we know that (3.12)
and (3.13)) hold. Thus we only need to use the channel to transmit the information
about x, 0 and design communication schemes to satisfy (3.10) and (3.11). There-

fore, we can ignore the stable part of the system dynamics without loss of generality.

In the sequel, we shall focus on the construction of communication/estimation algo-
rithms which can achieve (3.8) and (3.9). To better convey our ideas, we start with

scalar systems.

3.4.1 Scalar Systems

Theorem 3.4.1. Suppose A = A1 € R. There exist coding and controlling strategies
{&:(:)} 20, {Z:(*) }i>0, such that the system (3.1) can be mean square stabilized over

the channel (3.2) if and only if (3.6)) holds.
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The necessity follows directly from Theorem |[3.3.1] For the sufficiency, we can show
that a variation of the Schalkwijk coding scheme [65] can stabilize the scalar system
if (3.6) holds. The proof is similar to that of the AWGN]| case in [105] with some

differences due to the existence of channel fading.

Proof. Suppose the estimate of xy given by the decoder is z; at time ¢ and the

estimation error is e; = ; — xp. The encoder is designed as

[P P .
So = O_—%OLL’(), St = O_St71 (It—l — Io), t Z 1, (314)
2

with aio, o;,_, representing the variances of xg and e;; respectively. The decoder

is designed as

. o2 A E, {re:1}
xo — _07’07 I‘t — xt—l — ’Y—Tt, t Z ]. (315)
P E%{T?}

Since at time ¢, the encoder knows the one-step delayed channel output r;_1, the
fading v;_; and the decoding law, it can thus simulate the decoder to obtain the
estimate ;1. With the designed encoder and decoder , it is easy to
show that E {eg} = 0 and E {e3} is bounded. When ¢ > 1, we have from that

Ew{Ttet 1}
E%{T }

By induction arguments, we have E{e;} = 0 for all ¢ > 1. Thus (3.8]) is satisfied.

(3.16)

€ = €—1 —

Denote é;,_1 = E, {rie;—1}/E, {rf}r;. Since é;_; is the minimal mean square error

estimate (MMSE) of e;_; based on ry, from (3.16)), we have

Efe;} = E{E, {(er1 — é:-1)"}}

0.2

(a) w
= E{2—2PE{€?—1}}

= B{—5VE{e),

2 +7
where (a) is a direct consequence of the MMSE. Thus if )\2]E{ . 27>} < 1, the
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designed encoder/decoder pair (3.14) and (3.15) can guarantee (3.9). In view of
Lemma [3.4.1] the sufficiency is proved. O

Remark 3.4.2. Since v, is known at the decoder side, we can show that a slight
modification of the coding scheme in [64)], where the expectation is replaced with the

conditional expectation with respect to 7, can stabilize the closed-loop system without

channel feedback if (3.6]) holds.

Remark 3.4.3. Theorem [3.4.1] indicates that the anytime capacity of the power
constrained fading channel (3.2) corresponding to the anytime-reliability 21n |\

is Cp = _%IDE{agﬁ,?P}‘ From Jensen’s inequality, we know that E{e 2%} >
e 2t and the equality holds if and only if ¢, is a constant. Thus it follows that
Co=3In m < 3ln Q,QE;“} = E{¢;} = Cshannon, Which means that the anytime
capacity of the power constrained fading channel is no greater than its Shannon
capacity. Besides, for [AWGN channels, where ¢, is a constant, we have that the
anytime capacity is equal to its Shannon capacity, which coincides with the results

m [’7/.

3.4.2 Two-Dimensional Systems

The stabilizability condition for two-dimensional systems is stated in Theorem [3.4.2]

Theorem 3.4.2. Suppose n = 2. There exist coding and controlling strategies

{&:() } 50, {Z:(7) }i>0, such that the system (3.1) can be mean square stabilized over
the channel (3.2)) if and only if (3.5)) holds.

In this subsection, we only provide the optimal communication scheme for two-
dimensional systems with unstable eigenvalues having different magnitudes, i.e., A =
[ /\02] with Ay, As € R and |A1| > |\2] > 1, and in view of Theorem , it suffices
to show that a sufficient stabilizability condition is and . For the case of
two-dimensional systems with eigenvalues of equal magnitude, the communication

scheme designed in the Section is shown to be optimal; see Corollary
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3.4.2.1 Communication Structure

Since there are two sources i, T2, we design two encoder/decoder pairs in the
communication scheme and also a scheduler to multiplex the channel use. The i-th
encoder/decoder pair is used to transmit the information of z;¢. The scheduler
determines which encoder/decoder pair should use the channel. Suppose at time
t, the i-th encoder/decoder pair has access to the channel. The encoder i first
generates a symbol s;; and transmits it to the decoder through the communication
channel. The decoder 7 then forms an estimate Z;; based on the channel output
rit. The controller maintains an array &; = [Z14,22,)" that represents the most
recent estimate of zy, which is set to 0 at ¢ = 0. When the information about ;g
is transmitted, only Z;, is updated at the controller side. The controller applies the

control law in Lemma to the plant at every step.

The structure of the communication protocol is illustrated in Figure , where ¢}
is the time when the i-th encoder/decoder pair is scheduled to use the channel for

its k-th transmission.

T Tl

Tyt Sk x1,0

-<¢——Controller
| S

3}27,5 Ta6 ) 2,2 X2.0
S
]

Figure 3.2: Transmission protocol configuration

3.4.2.2 Encoder/Decoder Design

The following encoding/decoding strategy is used, which is modified from (3.14)
and (3.15)). The encoder i is designed as

Sith = 52 Zi0,
0

Sith =

(3.17)
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2

where T2 and a;t represent the variance of ;0 and e;,, respectively, with e;,

being the i-th component of the estimation error ¢;. The decoder i satisfies

N 0
Li i _73 Ty
(3.18)
. . E’Ytl {Tz tl €; tl }
X 4i t Tz,t}'cu k >1

3.4.2.3 Scheduler Design

Let 6 = 2+7> Define the scheduling indication vector as ®(t) = [¢1(t), ¢2(t)]" with
d1(t), p2(t) € {0,1} and ¢y (t) + ¢2(t) = 1. When the i-th encoder/decoder pair is

scheduled to use the channel at time ¢, the variable ¢;(t) is set to 1, otherwise it is

. ' - (k) . . e
set to 0. Let U;(¢,j) = []}_; (ﬁ) "®) ith 1 = 1,2,4,5 € Nt and i < j. Similar
w k

to the analysis for scalar systems, we can show that with the encoder and
the decoder 3.8) always holds and E {¢?,} = E{U;(t§ + 1 t)}IE{ } for
1 =1,2. Since qﬁi( ) = 0 when ¢ < t}, to guarantee (3.9), we should design schedulers
to ensure that, under the stochastic channel fading, lim; ., E{\?W¥,(1,¢)} = 0 and
limy oo E{A3"W5(1,¢)} = 0, or equivalently lim, . E{\3W;(1,¢) + A\3"Wy(1,¢)} = 0.
Thus the scheduler should be designed to optimally allocate ¢; and ¢o to minimize
AZAWy (1,)+A3°W5(1,£). The optimal allocation should satisty 3!, ¢a(j) In % =

o2 +'yJ2 P

2t1In I:\\Ii—i—zj L 61(7) In 2: 75 which is obtained by requiring A¥ W (1,¢) = A3y (1,t).
To this end, Algorithm [3.1]is designed, which enforces ¢; and ¢ to meet the above

requirement when t is sufficiently large.

In Algorithm , 71 is the scheduler parameter to be defined latter; T, = Z?:l T;

k € NT is the time when k rounds of transmissions are completed and Ty = 0;
T}, denotes the total time period to complete the k-th round of transmissions, i.e.,
T, = T} + T?. Here we assume that both the encoder and the decoder know the
scheduling algorithm. Since the switching among transmissions in Algorithm
relies on the fading process, which is known to the encoder and the decoder, they

are both aware of when to switch transmissions and which encoder/decoder pair
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is currently using the channel. Thus we do not need to consider the coordination

among encoders and decoders. The scheduled transmission periods are depicted in

Figure [3.3
Ty =0 T T Tia T, Ty
L/—H . l/ time
H/_/%/—/ .
Ly Tf Ty T

Figure 3.3: Scheduled transmissions with Algorithm

Algorithm 3.1: Chasing and Optimal Stopping Scheduler for Power Con-
strained Fading Channels
In the k-th round of transmissions

e The first encoder/decoder pair is scheduled to use the channel until

Tk71+T]€1 2
g
In —*-— < 7lnd 3.19
.Z " o2 +~}P i (3.19)
t=Tg_1+1

with 7}! being the minimal time period satisfying (3.19)).

— If
m1Ind + 27} In % <0 (3.20)
2

the second encoder/decoder pair is scheduled to use the channel, until

Ty +TA+T? ) |
1

g
E In—4—— < 2T} + T In-— + 7 Iné 3.21
) nag‘i‘ﬁ)/gp (k k)n’)\2’ T11n ( )
t=Tp_1+T}+1

with 77 being the minimal time period satisfying ([3.21)).

— Otherwise, set 77 = 0 and no transmission is carried out.

e Repeat this process.

It is clear from Algorithm that T; is independent of Tj and 77 is independent of
T? for any i # j, i,j € N*. The switching condition (3.20) of Algorithm 3.1 implies
that if T} < T¢ := Wiﬁlh\) and after the first encoder/decoder pair completes

its transmission, the second encoder/decoder pair can use the channel. Otherwise,
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the first encoder/decoder pair continues to use the channel.

3.4.2.4 Scheduler Parameter Selection

If (3.6) holds, there exists 6, with 0 < 0, < 1 such that E{( 2+727D) } = A2
Let f(6,) = 20,1n }:\\1| InE{( P 27>) b= 2In |\ If . ) holds, since f(0) =

1

—2In|\ | <0, f(3) = lnE{(UQWP) }—

in 6,, there exists 6, with 0 < 6, < 3 such that f(6,) = 0, i.e., E{(

In |A;]—In|As| > 0 and f(6,) is increasing

O'2+"Y 77) } -

/\?(9“_1)/\2_ 0o The positive constant 71 is then selected to satisfy

—In(A2P7%)\2%) _In4 —In )2 —In2
. 22
Tl>max{ (1—20)md  (1—6,)Ino (322)

3.4.2.5 Proof of Theorem [3.4.2]

The necessity follows from Theorem|[3.3.1} The gist of the sufficiency proof is to show
that under Algorithm ]E{/\?Tl W (1,T1)} < 1forl = 1,2. Since the transmission is
scheduled periodically and {7} } isfi.i.d] we may expect that lim; ., E {\2*W,(1,1)} =
0 holds, which together with Lemma [3.4.1| can guarantee the mean square stabiliz-

ability. The following lemma is needed in the proof of Theorem [3.4.2

Lemma 3.4.2. Suppose {W;} with W; < 0 is with bounded non-zero mean,
define B, = ZZ_IT/VZ- and let T be the first time such that By < T + © with
given ¢ > 0, © < 0. If there exists 0 > 0 such that E{?WVi=9)} = \72 then
E{AT) < A2,

Proof. When ¢ > 0, since B; is non-increasing and ¢t + © is increasing, the
stopping time 7' is bounded. When ¢ = 0, T is unbounded if and only © <
limy o >, W; < 0. Since {W;} is fi.i.d/| m in view of the law of large numbers, we
have Pr(lim, o Y.\, Wi/t = E{W;}) = 1. Thus Pr(lim, . > '_, W; = 00) = 1,
which implies Pr(© < lim;_,, Zi:l W; <0) =0. Thus T is almost surely bounded.
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Define Y; = ¢’5* with b = 21n [\ -0y, then E {Y; 1|V}, ..., Yi} = ViE {/Veri P} =
Y;. Thus Y; is a martingale. Since 7' is either a bounded or an almost surely
bounded stopping time, in view of the optional stopping theorem [109], we have
E{Yr} =E{V1} =1

Define n = ¢T + © — By. Since Br < ¢T + © and Br_1 > ¢(T — 1) + O, we have
17> 0. When ¢ =0, since By_1 > 0, wehaven =0—-Br =0—Br_—Wp < —Wr.
When ¢ > 0and (T — 1)+ 0 < Br1 < T + 0O, we have n = ¢T + O — By =
o(T—1)+0—=Br1+¢—Wr <p—Wp. When ¢ >0 and ¢T + 0 < Br_; <0,
we have n = T+ O — By = ¢T +© — Byr_y — Wy < —=Wp. Thus in general,
n<¢—Wr

Since E{Y7} = E{/PTTOmMHTY — (IORLo0e+0)T =) — (IOFL\2Te=) = 1, and
E{\Te0n) > E{)\TdWVr—9)} = E{EH{\T /W91 = E{\TEp{Wr—9)}} @
ATZE{X*"} where (a) follows from the definition of §, we have E {\*'} < X?¢7%©. [

Proof of Theorem (3.4.% Let W), = In %.
w k

that T is the first time such that By < o1 T} 4 ©; with ¢; = 0 and ©; = 7 InJ.

Since there exist 0 < 6, < 1, 0 < 6, < 1 such that E{eWe=#1)} = AF a1 )220

E{e%Wk=v1)} = A2 from Lemma |3.4.2, we have

Then it is immediate from ([3.19)

E{NZO0TE\20eTy o \201-00) 200 5=ri60 (3.23)
E{A21} < A25- 10 (3.24)

Suppose T} < T¢. Let B, = Zzzl Wri ik In view of the stopping condition (3.21)),
we know that 77 is the first time instant after T} satisfying that Bz < ¢,T7 + O

with ¢y = 2In 24 and ©, = 277 In 24 ol ‘ + 71 1n 4. Since E{efMWs=¢2)} = \[? in view

P\ \
of Lemma [3.4.2, we have

E AT} < A2¢70:02 (3.25)

where ¢ denote the event T! < T° Since 6, < 1, when T} > T¢ we have
2T} (0, — 1) < 27°(6, — 1)In B4 < 71(1—0,)Ind + In2 + 2In|Ay|. Rear-

ranging both sides and applying the natural exponential function, we have €2 :=
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1 1
/\gT1 — 2)\§(1+Tl)e*9a925ﬁ < 0. In view of the conditional expectation, we have

2
E{Y AL, T)} < BT + AT, (1, 7))

=1
= E{EANT 6™ + A0 (1, 1)} + BB 6™ + A1, (1,T1) )
(a)
< E{E A2 THD5m 1y 4 B{EAN 67 + 221 )y
() X
S E{EC{2)\?(1+T11)87&1®2571 }} + E{Eg{)\?Tl 57’1 4 )\ngl}}
— B{2A e 0O25m) L B(RAN 6™ + Q)

(c) _
< 2T mWE A 1 BB 6}

(%) 2)&(279&))\39(15(1_29&)71 + )\%5(1—9,))71’

where £ denotes the event T}! > T°; (a) follows from (3.21])); (b) follows from ([3.25));
(¢) follows from the fact that when T} > T¢ Q < 0; (d) follows from ({3.23)
and (3.24). Since 672 < 1 and 0'"% < 1, if 7y is selected to satisfy (3.22),

we have that A7g(=%)n < 1 PAZ(2700) \200 §(1-200)71 1, which guarantees
E{NTW (1, Th) + A0 Wy (1, 7)) < 1.
Thus we have

E{Aff’l\plu,ﬁ)} <1, E{Agﬂ%a,ﬂ)} <1 (3.26)

Since W,;(1,T},) = Hle \Ifl(Tj,l + 1,Tj,1 +T;) and {\Ill(Tj,l + 1,Tj,1 +T;) ;‘-7:1 are
1.1.d.l, we have

Tk+1 Tk+1 k

ZE Z)\fk+j\pl<1aTk) _ ZE Z)\f0+‘.'+Tk+]’qul(ijl‘|’1>Tj71 +T])
k=0 j=1 k=0 j=1 j=1

o )\Tk+1+2 _ )2 _ Nk
— E{l/\z—_ll}E{/\lTlllll(l,Tl)} . (327)
k=0 !
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for [ =1,2. In view of (3.26]), we further have that

E(S 02 (1.0) + A1, 1)}

oo Tear o

=SB O (1L Ty + ) + A0 (L, T+ )
k=0 j=1
0o Tiy1 o

<Y ED O TR) + AT 0s(1,Ty)) ) < o0,
k=0 7j=1

which implies that lim; . E{ AW, (1,¢) + A2'Uy(1,¢)} = 0. The proof of sufficiency

is completed. O

3.4.3 High-Dimensional Systems: [TDMA] Scheduler

For general n-dimensional systems, the communication structure is designed simi-
larly to that of the two-dimensional systems. There are n encoder/decoder pairs
of the form and to transmit the information of z;0, ¢ = 1,...,n. A
scheduler is designed to multiplex the channel use. Define ¢;, W;(-,-), i = 1,...,n
analogously to the two-dimensional case. Similarly, we can prove that with such
communication structure, always holds and to guarantee , we only need
to ensure that, lim; o E{\?*W;(1,¢)} = 0 for all ¢ = 1,...,n, or equivalently,
limy oo E{>"1  A'W;(1,4)} = 0. Thus the schedulers should be designed to op-

timally allocate ¢; to minimize Y A?*W,(1,¢). The optimal choice of ¢} should

: t *( o2 _ t a? n
satisfy ijl i (j) In e (ijl In TP +2t> " In|\])/n—2tIn|)\;|. How-
ever ¢; is determined by 22:1 In %, which is not causally available when trans-
@ t7;
mitting x; 9 at any time k& < . When n = 2, we can achieve the desired optimal

allocation by first fixing ¢; to be such that ZyTil 61(7) In( < 71In¢ and then

a2
7
requiring ¢, to achieve (3.21)). However, this method is not applicable to the case
of n > 3. In the following, we propose Algorithm [3.2] based on the [TDMA] principle
and analyze the corresponding stability regions for general high-dimensional sys-

tems, where 7;, @ = 1,...,n are scheduler parameters and their existence are shown

in the proof of Theorem |3.4.3
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Algorithm 3.2: [TDMA| Scheduler for Power Constrained Fading Channels
In the k-th round of transmissions

e The first encoder/decoder pair is scheduled to use the channel for a duration
of T1-

The j-th encoder/decoder pair is scheduled to use the channel for a duration
of Tj-

The n-th encoder/decoder pair is scheduled to use the channel for a duration
of 7,.

Repeat this process.

In conjunction with the scheduling Algorithm [3.2] the following sufficient condition

can be obtained.

Theorem 3.4.3. There exist coding and controlling strategies {&:(+) }t>0, { Z:(*) }t>0,
such that the system (3.1)) can be mean square stabilized over the channel (3.2) if

2
Z vln| | < ——mE {%7279} (3.28)
t

Proof. Without loss of generality, here we assume that A;,...,\; are real and
m; = 1. For other cases, readers can refer to the analysis discussed in Chapter
2 of [15]. Specifically, under this assumption, J is a diagonal matrix and d = n.
In Algorithm , the sensor transmits periodically with a period of 7 = Y 1" | 7;.
The relative transmission frequency for z, is a; = T?J among the period of 7 with
Z;L_l a; = 1. Similar to the analysis in Section , we can show that always

a; kT
holds and E {ez kT} =E {ﬁ} E {6?,0} under the designed communication
scheme. If \?E { |

6%
7 279} < 1foralli=1,...n, the sufficient condition in Lemma

3.4.1| can be satisfied. To complete the proof, we only need to show the equivalence

2+2277} "<1foralli= 1,...n and (3.28). On one
hand, since > " o; = 1, if )\QE{W} "< 1foralli= 1,...n, we know that

between the requirement \?E {
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(3.28) holds. On the other hand, if (3.28]) holds, we can simply choose «a; = In|;|

22 ImfAql?
a;
which satisfies the requirement that Y ) ;o = 1 and A\/E {OQﬁQP} < 1 for all
w t
1t =1,...,n. The sufficiency is proved. ]

3.4.4 High-Dimensional Systems: Adaptive [TDMA| Sched-

uler

The[TDMA]scheduler only allocates transmissions based on time. Since we also have
the channel state information at the receiver side, we may utilize this information to
achieve better control performance. Moreover, we have the following stabilization

result.

Theorem 3.4.4. There exist coding and controlling strategies {&;(+) }t>0, { Z:(*) }t>0,
such that the system (3.1) can be mean square stabilized over the channel (3.2)) if
there exist o, © = 1,...,d, with 0 < o; < 1 and Zle a; = 1, such that for all
i=1,....d

In|X\| < —llnE{<i>yi}. (3.29)

2 o + ;P
The above stabilizability result is achieved via an adaptive scheduler. Differ-
ent from the [ DMA|scheduler, the adaptive [ DMA|scheduler used here is adapted
to the fading process. It switches the transmission only if certain stopping conditions
are satisfied. By incorporating the information of the fading process, a larger stabi-
lizability region is achieved. The detailed scheduler design and stability analysis is

given as follows.

3.4.4.1 Scheduling Algorithm

The scheduler is described in Algorithm where the parameters 7;,, 1 = 1,....n
are defined in the sequel; T}, = Z?le}, k € N7 is the time when k rounds of
transmissions are completed and T, = 0, and 7}, denotes the total time period to
complete the k-th round of transmissions, i.e. T, = >_i" | Ti. Since the fading {;}
is , it is clear from Algorithm that 7T} is independent of T,z, for any i # j,
i,j €{1,2,...,n}, k € N* and the random variables {T},T5,...} are .
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Algorithm 3.3: Adaptive Scheduler for Power Constrained Fading
Channels
In the k-th round of transmissions

e The first encoder/decoder pair is scheduled to use the channel, until

Tk_ 1 +Tkl 2

9y
Z In W < T In 5, (330)

tZTk,1+1

with T} being the minimal time period satisfying (3.30)).

e The j-th encoder/decoder pair is scheduled to use the channel, until

T +TE 44T 4T )

0y
Z 111 W < Tj ln (5, (331)

t=Tj 1 +T} ++T] ' 1

with T/ being the minimal time period satisfying (3.31)).

e The n-th encoder/decoder pair is scheduled to use the channel, until

Ty T+ T T 9

Oy
Z In 0’3}4——7373 < Tn In 5, (332)

t=Tj_1+T}++Tp +1
with 7} being the minimal time period satisfying (3.32]).

e Repeat this process.
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3.4.4.2 Scheduler Parameter Selection

0;
If (3.29) holds, there exist 6,7 = 1,...,d with 0 < 6; < %, such that E{( Y 273) } =
|\;| 2. The positive constants 7;, j = 1,...,n are selected as follows: if z; is the
j-th component of xy in (3.4) that corresponds to the eigenvalue \;, i = 1,...,d,

then 7; is selected to be

2nay In | A A
T — 4 —1,... 3.33
Tj v; Ind (ker{IiaX’d} ak’/yk —_ ek + L)a J R , T, ( )

with ¢+ being an arbitrary positive constant.

3.4.4.3 Proof of Theorem [3.4.4]

Here we only consider the case that \q,..., \q are real and m; = v; = 1. We can
easily extend the analysis to other cases by combining the following analysis with the
argument used in Chapter 2 of [15]. The sufficiency proof is focused on showing that
limy oo E{AZW;(1,8)} = 0 for all i = 1,...,n under Algorithm [3.3] Similar to the
derivation of (3.24)), with Algorithm we can show that E{)\?le} < 6Tk )\2 Since
TL,TE ..., T are independent of each other, we further have IE{)\ZZJ ! 1(5”} <
o )\?”. If 7, is selected as (3:33), then S0, 7; = — 2% (max; l’\j|, + ) and

" Iné 0;
7i/(Q2j—1 7)) = ai for alli=1,...,n. Thus we have

E {)\12 Z?:l Ty 5@} S (50@-—91-)2?:1 Tj )\Z2n

In \

27nln|>‘i|
9 2 )(5ai—(9i)ln6 o —0;

— (50(1‘—91' ) - % (maXJ

_ (50{1’ )1n5( 0Z Tmaxy oi=ey Tt

Since 6; < a; and 0 < § < 1, we have

E {Af%ﬂ} ~E {AfZ?—ITf 5} <1, (3.34)
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for all i = 1,...,n. Since W,;(1,T}) = H] 1‘11( o+ 1, T»,l—i—Tj) and W, (T -1+
1,Tj—1 +T;) < 67 for any j € NT, in view of (3.34), we have

Th41
E{ZA% (1,t)} = ZE{iA Tt y,(1, Ty, + )}
Th41 k
<Z]E{Z/\ T’“”H\Ifl L+ LT+ T}
Jj=
Tht1

< ZE{Z /\2(Tk+] (5sz

= ZE{A?TW“'}'“E{(/\?T’“““ ~ ) /(2 — 1)} < .

k=0

Thus lim; o E{\?W;(1,¢)} = 0 for all i = 1,...,n. The proof of sufficiency is
completed. 0

Remark 3.4.4. The stabilizability conditions in the derived theorems above in-

volve the calculation of the expectation E{( )*} for some «. For some fad-

o
ing distributions, we can give the closed form of this term. For example, when

Ve ~ Bernoulli(e) this term is given by (1 —¢)(

>z +7,) +¢€. For other fading distri-
butions that are not possible to calculate the closed forms, this term can be evaluated

numerically via MATLAB or Mathematica.

Remark 3.4.5. In Theorem[3.4.4), the stabilizability condition is expressed in terms
of parameters a;s. «; has the physical interpretation that it represents the fraction of
channel resources that is allocated to the sub-dynamics corresponding to the eigen-
value \;. For the given communication channel and system matriz, the existence of

a;s can be checked via the following feasibility problem

Joy >0,i=1,....d

d
stY =1 (3.35)
=1

Pr(y¢ = 0) = ¢, Pr(y = 1) = 1 — ¢, where ; = 0 represents the appearance of fading and
~v¢ = 1 means that the channel is free of fading.
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oy —1

with fi(o) = E{(ﬁ)i} . Since fi(«;) is increasing in «; and f;(0) = 1 <
|\i|?, there exists af > 0 such that fi(a}) = |N|?(binary search can be used to find
equation roots to obtain o). In view of (3.36), any feasible o; must satisfy that
a; > of. If > .af > 1, there exists no feasible solution since (3.35) is violated.

Otherwise, one feasible solution is given by o; = za_a

Remark 3.4.6. Theorem|3.4.4|indicates that the stabilzable region of [In|Aq], ..., In|\4|]" €
R? for a given power constrained fading channel achieved with Algom'thm 18

1 o v
0= Ua ;= Xz 0, —=InE 5= )
>0, a;=1 Nie{l,..., }[ 9 n {(034—%277) })

where X denotes the Cartesian product. We can prove that O is convex. Suppose

X = [x1,...,%s) € O andy = [y1,...,v4) € O. Then there exist [J1,...,94]

with 9; > 0, Y. 0, = 1 and [ny,...,na) with n; > 0, >>,m; = 1 such that x; <
2

2 Y i .
IHE{(m)Vi};yi < ——lnE{(m) i}fom =1,...,d. Letz=lzy,...,24] =
ex+ (1 —=c)y with 0 < ¢ < 1, then z; = ex; + (1 — ¢)y; and

c o2 9i 1—c o un
i < ——=InE{ (—25=)" » — InE< (——%2—
i 211 {( +’Yt7)) } 2 ! {( +'7t73) }

1 o? 9 ¢ o? i f=e
e s E w

o {<02+7 73) } {(02+7 73) }
(@ 1 2 it (o)
< _§1DE{(L) o }7

where (a) follows from the Hdélder’s inequality. Thus there exist ;s with o; =

2

i+ (1 —c)np > 0 and Y .o = 1 such that z; < ——lnE{(m) 1} for all

1=1,...,d, which means z € O. Thus O 1is convez.

Remark 3.4.7. The sufficiency achieved via the scheduler in Algorithm[3.

can be alternatively formulated as follows: if there exist a;s with 0 < a; < 1 and
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S oy =1, such that

0.2
I\ < -t InE{ — 2o .
nfh <=5 I {0”%27)} (3.37)

foralli=1,2,....d, the system (3.1) can be mean square stabilized. Since f(z) =

27 with 0 < c1 < 1 1is concave, from the Jensen’s inequality, we have

a; o 1 o2 vi

—— hhE{—*-—1 < ——IE
. {ag+737>} g ME o +¢P
Thus any \; that satisfies (3.37) must also satisfy (3.29) with the same a;, which

implies that the adaptive scheduler in this chapter achieves a stabilizability
region no smaller than the scheduler.

Remark 3.4.8. If v, =1, channel (3.2) degenerates to anm channel and the
necessary and sufficient condition to ensure mean square stabilizability, following

from (3.5) and (3:29), is ZZ yviln || < 3In(1 + %), which recovers the results
in [61,62]. If v ~ Bernoulli(e), by taking the limit > — 0 and P — oo, we can
obtain that the stabilizability condition over an erasure channel is \? < %, which

degenerates to the results in [40,48].

When all the strictly unstable eigenvalues have the same magnitude, we can show
that the sufficient condition (3.29)) coincides with the necessary condition ([3.5)), as

shown in the following corollary.

Corollary 3.4.1. Suppose | M| = --- = [Aa| = A > 1 and Mg 1| = - = [N = 1
with 1 < d, < d. There exist coding and controlling strategies {&:(-) }t>0,{ Z:(*) }+>0,
such that the system (3.1 can be mean square stabilized over the channel (3.2)) if

1
~ 1 o2 Vit
In\< —=InkE —_ )
2 {( +”Ytp) }

Remark 3.4.9. The results derived in this chapter for the power constrained fading

and only if
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channel (3.2)) can be easily extended to the following channel model
ry = ’}/t(St + (A)t), (338)

which is suitable for modeling the digital erasure channel with {w;} denoting the
quantization error and {~;} representing the erasure process. If v, = 0, the com-
munication channel cannot transmit any information. Otherwise, we can always
multiply the received signal ry by 1/, at the decoder side, and thus the resulted
channel is equivalent to an m channel. From this perspective, channel
is essentially the power constrained lossy channel studied in [110]. Thus the results

derived in [110] apply directly to the channel (3.38)).

3.5 Numerical Illustrations

3.5.1 Scalar Systems

The authors in [63] derive the necessary and sufficient condition for mean square

stabilization of scalar [LT]| systems over a power constrained fading channel with
3P
02P+o2

linear encoders/decoders as 3 In(1 + ) > In|X| with p, and o2 being the
mean and variance of ;. We can similarly define the mean square capacity of

the power constrained fading channel achieved with linear encoders/decoders as

Crn = +In(1 + aglﬁfag ). Assume that the fading follows the Bernoulli distribution,
i.e.,v; ~ Bernoulli(e), and let P = 1 and ¢ = 1, the channel capacities in relation to
the erasure probability are plotted in Figure[3.4] It is clear that Cshannon > Co > Chy,
at any erasure probability €. This result is obvious since we have proved that the
Shannon capacity is no smaller than the anytime capacity. Besides, we have more
freedom in designing the causal encoder/decoder pair compared with the linear
encoder/decoder pair, thus allowing to achieve a higher capacity. The three kinds

of capacity degenerate to the same value when € = 0 and € = 1, which represent the

[AWGN] channel case and the disconnected case respectively. This fact is trivial for
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the disconnected case and is consistent for the channel case in [7,/61},/62], in
which the authors show that the anytime capacity is equal to the Shannon capacity
for [AWGN)] channels and causal encoder/decoder pair cannot provide any benefits
in increasing the channel capacity.

0.35 -

0.30

o
N}
a

o

N

o
T

o
3

—  Cshannon

-- G,

Channel Capacity

o

=)

&
T

b

=}

S
T

I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Erasure Probability €

Figure 3.4: Comparison of different channel capacities for scalar systems

3.5.2 Vector Systems

Consider a two-dimensional system (3.4)) with J = [’\01 /\02], and the fading in (3.2))

22

follows the Rayleigh distribution with probability density function f(z;0) = Fe™ 207,
z>0. Let P =1, 62 =1, 0 = 2, then the necessary stabilizability region, the suf-
ficient stabilizability regions achieved with the optimal scheduler in Algorithm [3.1]
the [TDMA] scheduler in Algorithm [3.2] the adaptive [TDMA] scheduler in Algo-
rithm and with linear encoders/decoders in [63], in terms of (In|A\;],In|Ag|) are
plotted in Figure We can observe that the region of (In|A;[,In|Az|) that can
be stabilized with the designed causal encoders/decoders is much larger than that
by linear encoders/decoders in [63]. Thus by extending encoder/decoders from lin-
ear settings to causal requirements, we can tolerate more unstable systems. It is
clear from the figure that the optimal scheduler proposed in Algorithm covers
the whole necessary stabilizability region. Besides, as noted in Remark [3.4.7], the
adaptive [[DMA] scheduler achieves a larger stabilizability region than that of the
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conventional [TDMA] scheduler. Moreover, the adaptive TDMA]scheduler is optimal
at three points, i.e., [A\;| = |A2], [A\1| = 1 and |Ay] = 1. This is consistent with

Corollary [3.4.1

o7l Sufficiency with Adaptive TDMA Scheduler

Necessity and

06l / Sufficiency with Optimal Scheduler

05

[A1]=]22]

04+

In|A,|

0.3

021

0.1

0op L L L L L L L L
0.0 0.1 0.2 03 04 05 06 07

In|A,|

Figure 3.5: Comparison of stabilizability regions for two-dimensional systems

3.6 Summary

This chapter has characterized the requirement for a power constrained fading chan-
nel to allow the existence of coding and controlling strategies that can mean square
stabilize a discrete-time [LTT| system. Fundamental limitations have been provided
in terms of the system dynamics and channel parameters. Optimal communication
designs have been provided for scalar systems and two-dimensional systems. For
high-dimensional systems, [TDMA] and adaptive [TDMA] communication schemes
have also been provided, which are shown to be optimal under certain situations.

Numerical examples are provided to illustrate the derived results.
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Chapter 4

Stabilization over Gaussian

Finite-State Markov Channels

4.1 Introduction

The case with channel fading has been studied in Chapter 3] However, the
assumption fails to capture channel correlations. Since Markov models are simple
and effective to capture temporal correlations of channel conditions [13}[111},112], we
are interested in the stabilization problem of discrete-time [LTI| systems controlled
over Gaussian finite-state Markov channels [113], where the channel fading is mod-
eled by a time-homogeneous Markov process. Due to the existence of correlations of
channel conditions over time, the methods used to deal with the channel fading
in Chapter |3| cannot be applied directly to the Markov channel fading case. Besides,
Chapter |3| only considers the state feedback case and the plant under investigation
is free of process and measurement noises. The output feedback case and how plant
noises affect the stabilizability of the networked control system have yet been stud-
ied. In this chapter, we propose observer/estimator designs and extend the channel
resource allocation schemes in Chapter |3| to the Gaussian Markov channel case and

derive necessary and sufficient stabilization conditions by utilizing the stability of a
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[Markov jump linear system| (MJLS|) and the i.i.d. property of the sojourn time of

the Markov chain [38].

This chapter is organized as follows. The problem formulation and preliminaries are
given in Section 4.2 The existence of fundamental limitations for stabilization is
demonstrated in Section 4.3l Sufficient stabilization conditions for Gaussian finite-
state Markov channels and power constrained Markov lossy channels are provided
in Section [4.4 and Section [4.5] respectively. This chapter ends with some concluding

remarks in Section (4.6l

4.2 Problem Formulation and Preliminaries

This chapter studies the following discrete-time linear system

Ty = Axy + Buy + vy, (4.1)

yr = Coy + wy,

where x; € R" is the system state; y; € RP is the system output; u; € R is the
control input; v;, w,; are the process noise and measurement noise, respectively;
(A, B) is stabilizable; (C, A) is observable; {v;}>0 and {w;}>0 are and with
zero mean and bounded covariance matrices and are independent of the initial state
o, which follows a zero mean Gaussian distribution with a bounded covariance

matrix. Without loss of generality, we make the following assumption as in [35,64].

Assumption 4.2.1. All the eigenvalues of A are either on or outside the unit circle.
This chapter considers a networked control setting, where y; is observed and encoded
with the law &;(-) and transmitted to the controller through a Gaussian Markov
channel to generate the control signal u; with the law Z,(-). The Markov channel
corrupted with Gaussian noises is modeled as

Tt = Y¢St + Wi, (4.2)
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where s; denotes the channel input satisfying an average power constraint, i.e.,
E {s?} < P; r; is the channel output; 7; is the channel fading which represents the
variation of received signal power over time and w; is an with zero-mean
and bounded variance o2. Different Markov models can be assumed for ;. In this
chapter, we are interested in two kinds of Gaussian Markov channels: the Gaussian

finite-state Markov channel and the power constrained Markov lossy channel.

Gaussian Finite-State Markov Channels: The channel state {7;};>0 is mod-
eled as a time-homogeneous ergodic Markov process. 7, takes values in a finite set
of distinct non-negative values {t1,ts ..., v}, which represents different fading lev-

els [113]. The Markov transition probability matrix () is defined by Q) = [q;;] with

dij = Pri{ve = vjln =} (4.3)

Power Constrained Markov Lossy Channels: The channel state {7:}i>o is
modeled as a Markov lossy process. ~; only switches between two states: the state
t; = 0 and the state vy = 1, where vy = 0 indicates the appearance of channel
fading and the transmission fails and vy = 1 means that the channel is free of fading
and the transmission is successful. Therefore, the Markov process has the following

transition probability matrix

o= |77 7| (4.4)

p 1-p
where p represents the failure rate and q denotes the recovery rate. To avoid any
trivial case, p and q are assumed to be strictly positive and less than 1, i.e., 0 <
p,q < 1, so that the Markov process is ergodic. The power constrained Markov
lossy channel is one special kind of Gaussian finite-state Markov channels and has

several unique properties that allow to derive refined results compared to Gaussian

finite-state Markov channels.

For both kinds of channels, we assume that {w;}:>¢ is zo, {Vt}es0, {Wt >0,

{7th>0 and {w;}i>o are independent; the channel state information is known at
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the receiver side and the channel output and the channel state are fed back to the
transmitter through a noiseless feedback channel with one-step delay as in Chap-
ter 3] The feedback configuration and the information structure of the sensor and

controller are depicted in Figure 4.1}

Tiy1 = Axy + Bug + vy, yp = Cay + wy

Uy Yt
Plant
Te—1,Yt—1
Wi Yt
Tt St
-1 Ut = @t(rtv’yt) ANV é St = éat(ytartila’ytil) <
Controller Sensor

Figure 4.1: Networked control over Gaussian Markov channels

Throughout the chapter, a stochastic system with state z; is mean square stable
if sup, E {x}z,;} < co. We try to characterize requirements on Gaussian finite-state
Markov channels and power constrained Markov lossy channels such that there exist
coding and controlling strategies {&;(-)}i>0, {Z:(-) }+>0 Which can stabilize the [LT]]
dynamics . In the following, we present several preliminary results that would

be used in the subsequent analysis.

4.2.1 Stability of Markov Jump Linear Systems

Denote the instantaneous channel capacity as ¢; = %ln(l + 75—27)) Since {7:}i>0 is

Markovian, so is {¢;}i>0 and ¢; takes values in a finite set {¢y,..., ¢} with ¢; =
% In(1+ i;) and is with the same Markov transition probability (4.3]). Consider the

[MJLS] defined by

241 = )\26_%@2& + a, (45)

where z; € R with 2y < 0o; A € R; 0 € N*; a > 0 and {¢;}i>0 is the Markov
process described above. Let H, = Q'D, with D, = diag(e*%”, ce e*%”). Similar
to Lemma 1 in [40,/114], we have the following necessary and sufficient condition

characterizing the first moment stability of (4.5]).
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Lemma 4.2.1. The first moment of the system (4.5)) is stable, i.e., sup, E{|z|} <

oo, if and only if

Remark 4.2.1. In this chapter, we are interested in the mean square stability of
linear systems. Since the mean square value of the linear system state conditioned on
the fading process evolves as a [38], to study the mean square stability of the

original system, we only need to study the first moment stability of the corresponding

MJLS.

4.2.2 Sojourn Times for Markov Lossy Process

Associated with the Markov lossy process {v; }+>0, a stochastic time sequence {7} }x>o
is introduced to denote the time at which the transmission is successful. Without

loss of generality, let o = vy [37]. Then T = 0 and T}, k > 1 is precisely defined by

Tl = mf{k ck Z 1,")% = 1},

Ty =inf{k: k> T,y = 1},

By the ergodic property of the Markov process {7k }x>0, Tk, ¥k € N is finite almost
everywhere (abbreviated as a.e.). Thus, the integer valued sojourn time {7} }x~o
which denotes the time duration between two successive successful transmissions is
well-defined a.e., where

T]: =T, —Tr_1>0. (47)

Moreover, we have the following characterization of the probability distribution of

sojourn times {7} }x=o-
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Lemma 4.2.2 ( [38]). The sojourn times {T}}r~o are [i.i.d] Furthermore, the

distribution of Ty is explicitly expressed as

1—0p 1=1,
Pr(T} =1i) =

pg(l1—q)2 i>1.

4.3 Fundamental Limitation

Let Ay, ..., Ag denote the distinct unstable eigenvalues (if A; is complex, its conjugate
is excluded from this list) of A with [A| > |Xs| > ... > |A4|. Let m; represent the
algebraic multiplicity of A\;. The real Jordan canonical form J of A then has form

that J = diag(Jy, ..., Jq) € R™" |22, where J; € R¥*" and |det J;| = |\;

i with
v; =m; if \; € R, and v; = 2m,; otherwise. It is clear that the mean square stability

of (4.1)) is equivalent to the mean square stability of

Tiy1 = Jflft + OBUt + OUt, (48)

Y = COflxt -+ Wy, (49)

for some invertible matrix O.

The following theorem characterizes a fundamental limitation for mean square sta-
bilization over Gaussian finite-state Markov channels. The necessity is obtained via
an information theoretic argument as in Section but with differences due to the
application of output feedback and the existence of process and measurement noises

and the correlated channel fading.

Theorem 4.3.1. There exist coding and controlling strategies {&;(+) }t>0, { Z:(*) }t>0,
such that the system (4.1)) can be mean square stabilized over the Gaussian finite-
state Markov channel only if [|\i], ..., |\al] € R? satisfy

(H |\i @) < @, (4.10)
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or allo; € {0,...,m;},i=1,...,d with o = ‘.l: 0;0;, where p; =1 if \; € R and
i=1

0; = 2 otherwise.

Proof. We use uppercase letters X', R,I" to denote random variables of the system
state, the channel output and the channel fading. We use the lowercase letters x, r, v
to denote their realizations. Following a similar line of arguments as in the proof of

Lemma |3.3.1, we can show that

2

Nt (X1 |RY) > (det A)me™ 2% A (XGRS, (4.11)

In view of Proposition II.1 in [62], a necessary condition to ensure the mean square
stability of A; is that the first moment of A2:(X;1|R") should converge to zero
asymptotically. Thus, the 2yl = (detA)%e_%ct z;, should be stable in the first
moment. Following Lemma [£.2.1] a necessary condition to ensure the mean square

stability can be obtained as

(4.12)

Each block J; has an invariant real subspace A,, of dimension p;0;, for any o; €
{0,...,m;}. Consider the subspace A formed by taking the product of A,,, i =
1,...,d. The total dimension of A is Zle 0;0; and the real Jordan form for the
dynamics in the subspace A is JY with | det JY| = [, |A:|%*. Since is mean

square stabilizable, the dynamics in the subspace A is also mean square stabilizable.

Following a similar line of arguments as in the derivation of (4.12)), the fundamental

limitation (4.10]) can be obtained. O
Let 6 = Pi“%a 5. We can derive the necessity for control over power constrained

Markov lossy channels from Theorem directly. Firstly, the following lemma is

need.

Lemma 4.3.1. Let Q be defined in (4.4); D = [} 9] with 0 < q,p,0 < 1; X € R,
Al > 1 and T} be defined in (4.7)). The following statements are equivalent,
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1.
Mp(Q'D) <1
2.
E{N"¥}6 <1,
3.
1—-M(1—-q)>0, (4.13)
P {1 + % <1 (4.14)

Proof. 2)<+3): In view of the probability distribution of T} in Lemma[4.2.2 we have

E{\i} = Z Pr(T; = i)\

= Pr(7, /\2 + Z Pr(T, /\2’
(N Y pa(l— )
i=2

To guarantee the boundedness of E {\?"¢}, we should have A*(1 — q) < 1. Then
E {)\27‘,: } is

pg  (1—q)°\
(1—-q)21 =221 —q)

p(A\* —1) ]
1—=X2(1—q)"

E{\5} =(1-pX+

= A1+
Summarizing the above results, we have

By ) it A2(1—q) > 1
k =
1+ 2] - <1

Then the equivalence of 2) and 3) is straightforward from the expression of E {)\QTZ }
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1)—3): Let
1—q po
q (1-p)d
Since H is a nonnegative matrix, in view of Corollary 8.1.20 in [115], 1—q < p(H) <
%, which is . Suppose the two eigenvalues of H are (; and (5, then (; + (o =
tr(H),(1¢ = det(H) with tr(H) = (1 —q) + (1 — p)d and det(H) = (1 —p — q)0.

H=QD=

Since

tr(H)* — ddet(H) = (1 —q) + (1 —p)d)* —4(1 —p —q)d

= ((1—q) — (1 —p)d)* + 4pqé > 0,

we know that the spectral radius of H is

_ tr(H) + /tr(H)? — 4det(H)
— > :

p(H)

Since A2p(H) < 1, we have that \*\/tr(H)2 —4det(H) < 2 — Atr(H). Taking
square of both sides, we obtain A*det(H) — A?tr(H) + 1 > 0. Substituting the
expression of tr(H) and det(H) into the above inequality, we have A\*(1 —q — p)d —
N[(1—q)+(1—p)d]+1 > 0, which implies A?0[(1 —p) —A*(1—p—q)] < 1—XI*(1—q).
Dividing both sides by 1 — A*(1 — q), we can obtain (4.14)).

3)—1): We first note that A2§ < 1 from (4.14)). In view of (4.13)), we further have
2—Xtr(H)=1—X(1—q)+1— M1 —p) > 0. Then 3)—1) can be proved by
reversing the proof of 1)—3). The proof is completed. ]

The fundamental limitation for control over power constrained Markov lossy chan-

nels is stated below.

Theorem 4.3.2. There exist coding and controlling strategies {&;(-) }t>0. {Z:(*) }i>o0,
such that the system (4.1) can be mean square stabilized over the power constrained
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Markov lossy channel only if [\, ..., |\d]] € RY satisfy

d :
1— (HW @) (1—q)>0, (4.15)
=1

d fl_ )\Z 0i0; ° —1
5 (HW 9) 1+ p((HH’ ) ) <1, (4.16)

i=1

1— (1= (T, e )

[SIN)

forallo; € {0,....,m;},i=1,...,d withOZZlegioi.

Proof. Since
1-— 10
H, = Q/D o — T 1
q 1—p]| [0d°
for power constrained Markov lossy channels, in view of Theorem and Lemma4.3.1}

the necessity can be obtained. O

In the subsequent analysis, we will show that the necessary conditions in Theo-
rem and Theorem [4.3.2] are also sufficient for scalar systems and certain high-

dimensional systems.

4.4 Stabilization over Finite-state Markov chan-

nels

In this section, we provide a sufficient stabilization condition for control over Gaus-
sian finite-state Markov channels via the construction of observer, estimator, con-
troller, channel encoder, decoder and scheduler. The observer /estimator/controller
is reproduced from [22,40], which mimics the optimal estimation and control scheme
in LQG control [67]. The channel encoder/decoder/scheduler design is borrowed
from Chapter [3] which adopts a scheme to transmit multiple sources over a

scalar channel.
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4.4.1 Communication Structure

The entire communication scheme is shown in Figure [4.2] The observer and estima-
tor can be regarded as the source encoder and decoder, which take the measurement
signal y; to estimate the system state 2;. The channel encoder and decoder are de-
signed to reliably transmit source signals over the uncertain channel. Since the
observer /encoder is aware of the one-step delayed channel fading and channel out-
put via the feedback link, it can thus simulate the decoder/estimator/controller to

obtain the estimated state z; and the control input wu;.

Ut l Yt
Controller Observer
a/\jt ~ jt
Tt
Estimatorfp----------------
ét €y = Xy — .i't
(7 St
Decoder Channel Encoder

Figure 4.2: Communication structure

4.4.2 Observer/Estimator/Controller Design

The Luenberger observer is designed as
jt-}—l = A[Z‘t + But — L(yt - C’jt), (417)

where Ty = 0 and L is selected such that A4 LC' is Hurwitz. The estimator generates

the estimate z; with
jt—i—l == Ait + Aét + But, (418)

where o = 0 and é; is the output of the channel decoder. The controller is given

by

Uy = Kj:t, (419)
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where K is selected such that A+BK is Hurwitz. With the above observer, estimator

and controller design, we have the following result.

Lemma 4.4.1. If there exists a pair of channel encoder and decoder, such that
sup, E {||e:||*} < oo with e; = Ty — &4, the system (4.1 is mean square stabilizable
over the Gaussian finite-state Markov channel with the designed communication

structure.

Proof. In view of (4.1)) and (4.17)), we have

Ti41 — i.tJrl = (A -+ LC)(.Z’t — .i't) —+ vy + Lwt. (420)

Since L is selected such that A + LC' is stable, we have sup, E {||z; — Z/|*} < oo.
From the observer dynamics (4.17) and the controller (4.19)), we have

Zf't+1 = (A + BK)J_ft - BK(J_It - .’,i't) - L(yt - C’ft)

Since A + BK is Hurwitz and sup, E {||z; — Z||*} < oo, if sup, E {||e;]|*} < o0, we

have sup, E {||z||*} < oo. Therefore, we have

SEPE {ll=lI”} = SEPE {lze — 7 + 2|}

< supE { [l — &} + sup E {17} < oo,

which implies that the original system (4.1) is mean square stable. The proof is
completed. O

In view of the above lemma, we are now to design channel encoder/decoder to ensure

that sup, E {||e:||*} < co. The dynamics for e; is

Ctr1 = A(Gt — ét) + (I)t, (421)
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where &, = —LC(z; — ;) — Lwy.
From (4.20)), we have that

t—1
v — 3 = (A+ LC)'wg + Y (A+ LC)"™" " (v; + Luy).
i=0
Since g, {vt }1>0, {w: }>0 are independent and with zero mean and bounded variance,

z; — T, and thus ®, are with zero mean and bounded variance.

Remark 4.4.1. Assumption[{.2.1] can be justified from Lemmal[f.4.1. Assume A =
diag(Jy, Js), where J, contains eigenvalues that are either on or outside the unit
circle and Jg contains eigenvalues that are within the unit circle. Decompose the

dynamics (4.21)) into stable part and unstable part according to A as

Cut+1 = Jueu,t + q)u,t - Juéu,ta (422)

Cst+1 = Jses,t + (I)s,t - Jsés,ta (423)

where ey, €st, Put, Psit, €ut, €5t are the corresponding partitions of e, Py and é;.
Since ®; is mean square bounded, if we let €, = 0 at the decoder side, 18 mean
square stable. Thus, we do not need to consider the transmission of the information
corresponding to stable eigenvalues. Therefore, we can ignore the eigenvalues that

are in the unit circle without loss of generality.

4.4.3 Encoder/Decoder/Scheduler Design

To transmit the n-dimensional vector e; through the scalar channel, the [TDMA]
strategy is used. There are n encoder/decoder pairs to transmit the n sources
{e1t,...,ent} with e;; being the i-th value of e; and a scheduler to multiplex the
channel use. Suppose at time ¢, the i-th encoder/decoder pair is scheduled to use
the channel. The encoder ¢ first generates a symbol s;,, which is a scaled version
of e;; to satisfy the channel input power constraint, and transmits it to the decoder

through the communication channel. The decoder i then forms the minimal mean
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square error estimate é;, based on the channel output r; ;. The estimator maintains
an array € = [é14,...,6,,|" that represents the estimate of e;, which is set to 0 at
t = 0. When the information about e;; is transmitted, only ¢;; is updated at the

estimator side. The channel encoder/decoder/scheduler structure is illustrated in

Figure 4.3

é1,t T1,t S1,¢ e1
<«<—— Decoder 1 Encoder 1 j¢&—

éa.1 T2t \_/sz,t €t
<«<—— Decoder 2 1 Encoder 2 j[¢&—

1
. 1
. 1
ént L | Scheduler

<«<—— Decoder n

| -

€n,t
Encoder n [¢—

Figure 4.3: Channel encoder/decoder/scheduler structure

If at time ¢, the encoder i is scheduled to use the channel, then the encoder generates

P
si0 =10, Sip= o7 Gt t>1, (4.24)
€i,t

where azi , represents the variance of e;;. The decoder 7 satisfies

A E% {Ti,tei,t} '

ei, - 707,7 . (425)
' E’Yt{ri%t} '

It is clear from (4.21) and the designed communication scheme that E {e;} = 0 and
E{¢} = 0.

The scheduling Algorithm [4.1]is designed, which adopts a[TDMA]strategy and allo-
cates a fixed transmission period to each encoder/decoder pair, where 7;,i = 1,...,n
are scheduler parameters to be specified later. We assume that both the encoder
and the decoder know the scheduling algorithm. Since the switching among trans-
missions is only determined by time, we do not need to consider the coordination

among encoders and decoders.
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Algorithm 4.1:[TDMA|Scheduler for Gaussian Finite-state Markov Channels
In the k-th round of transmissions

e The first encoder/decoder pair is scheduled to use the channel for 7 times.

e The j-th encoder/decoder pair is scheduled to use the channel for 7; times.

e The n-th encoder/decoder pair is scheduled to use the channel for 7, times.

Repeat this process.

4.4.4 Sufficient Stabilizability Conditions

Theorem 4.4.1. If

1
oo 1.26
p(H) (4.26)

d
1T
i=1

there exist 7;, i = 1,...,n, such that the system (4.1)) can be mean square stabilized
over the Gaussian finite-state Markov channel with the proposed communi-

cation scheme.

In view of Lemma {4.4.1] if (4.21)) is mean square stable, the system (4.1) can be

mean square stabilized over the Gaussian finite-state Markov channel. Thus, the
key in proving Theorem is to show that there exist 7;s such that is mean
square stable. Moreover, with the designed communication scheme, we can
show that each subsystem in is described by a|MJLS| If (4.26) holds, we have

23 In|As|
that | ;] TN p(Hy) < 1, for i = 1,...,n (for the case that Ay,..., \; are real

) In ||

and m; = v; = 1). If 7; is selected such that i S rwE the [MJLS| is stable,

which further implies the mean square stability of (4.21). Then the original system

is mean square stable. The detailed proof is provided as below.

Proof. Without loss of generality, we assume that Aq,..., \s are real and m; = v; =
1. For other cases, the theorem can be proved by combining the following analysis

with a similar line of arguments used in [116].
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In the first step, we shall derive the dynamics for the mean square value of e; ;.

From (4.21]), we obtain

itr1 = Ni(€ir — i) + Dis. (4.27)

Analogous to the analysis in [110], we can show that with the encoder (4.24) and

the decoder (4.25)),
Evt“{eitﬂ} = )‘?eizctEvi{eit} +E {(I)it} ) (4.28)

if the i-th encoder/decoder pair is scheduled to use the channel at time ¢. Let
T =1 7and g = E{eim\’ym = t;}Pr(yr = t;). Since from time k7 + 1
to kT + 7, the first encoder/decoder pair is scheduled to use the channel from

Algorithm [4.T| we have that

Nigr+1 = B {e] jri1[Mors1 = 6} Pr(ersr = 1))
l
= Z Pr(yer = tilykr1 = ) Pr(eea = 4) x E {e%,kq—-i-l"ykﬂ-l =Y Ver = tz'}

=1

l
(a)
= Pr(tirst =l = t)Pr(ve =) X E{€} oy Thrs1 = 1, ke = 11}
=1

!
o Z i Pr(ver = @B {€} oo [er = 1}

i=1

(©) < A2
< Z qi; Pr(yer = tl)eg_i]E' {6%,kr|’yl€7 = ti} +E {q)%,kr}
=1
l A%
- Z @qijni,lﬂ' + E {q)%,kr} )
=1

where (a) follows from the Bayes law; () is due to the fact that e; 1 is independent

of Yr41 and (c) arises from (4.28). Let nir = [M1krs M2kery - - - » Migr)'s then we have
Mers1 < N2Q'Dymer + 1E {Cbi,w}, where 1 is a vector with all elements being one.
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With similar derivations we have that

T1—1

Ner+1 < )\?Tl Hflnk‘r + Z(A%Hl)TliliilE {(I)ik‘rJri} : (429>

1=0

Since from the time k7 + 71 + 1 to (k + 1)7, there are no scheduled transmissions

for the first encoder/decoder pair, similar to the derivation of (4.29)), we have

T—71—1

My <N M i+ ) (RQ)TTTTIR{®] ) (430)
1=0

Combining (4.29) and (4.30]), we have that

N1y < NT(Q) ™ H i + Wi, (4.31)
where
T1—1
\Ilk‘r — )\?(777'1)(@/)777'1 Z(}\%Hl)ﬁflleE {®%7k7+i}
=0
T—711—1

+ Y QYR { et )
1=0

and W, is bounded.

In the second step, we will show that if the sufficient condition (4.26)) is satisfied,
there exist 7;s such that (4.31]) is mean square stable.

If (4.26) holds, we have Inp(H;) +23;In|A;| < 0. Therefore, there exists ¢ > 0,
such that Inp(Hy) +23;In|A;| +¢ = 0, which also implies 21In [\;| + a; In p(H,) =

2nlhlts S 0 and >, i = 1. Thus, we have A7 p(H;)* < 1

_s i Szl
> < 0, with a; = ) SATIpHER:

for all i = 1,...,n. Let ¢ = miny(2log,g,)|\i| + a;) > 0. Since for every a; € R,

there exists a rational sequence {f;}r>0, such that limy_,o fix = «;, we have
limy, oo A bk — X — ;. Therefore, for the given ¢, there exists M € NT, such
Zj Bj,k Zj aj o
51‘, /1 . i 23, —
that |ﬁ — | <. Let ¥, = /i.,;IM- Then ¥; ' > a; — ¢ > —2log, g, )|A;|. Thus,

we have N2 p(H;) < 1.
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In view of Lemma 5.6.10 in [115], there exists a norm ||-|| such that &, := [|\2" H,|| <
1. From the equivalence of norms, we have that || - || < ¢l - ||; for some € > 1. Then
7 € NT is selected to satisfy that 7; > —log, e and By = Z foralli =1,...,n and

for some 7. The existence of such 7;s can always be guaranteed by firstly writing
rational numbers ;s into fractions and then reducing fractions to a common
denominator and finally scaling the numerators and denominators simultaneously

to obtain a sufficiently large numerator 7; which satisfies 7; > —log,. €.

Then we have from (4.31)) that

Ingesnye Il < Q)™ AT HT e || + 1
<A@ Himer | + 11 r |
<Kl (@) lallmer | + 1 Wkr ]

< K1l ||+ ([ |-
Since ki'e < 1, we know that ||| is mean square bounded. Since E {ef, } =
Zﬁ i kr, We further have that E {ei kT} is mean square bounded.

Similarly, we can also prove that sup, E {eikT} < oo for all t = 2,...,n. Therefore,

e, is mean square bounded. In view of Lemma[4.4.1], the closed-loop system is mean

square stable. The proof is completed. O

Remark 4.4.2. Suppose q;; = q; fori,7 = 1,...,, then the Gaussian finite-state
Markov channel degenerates to the power constrained fading channel with finite[i.s.d)
channel states. The stabilization condition in Theorem becomes

d [ 9
o
[T i) < 1,
[T
which coincides with Theorem |3.4.5.

The sufficient condition is also necessary for scalar systems as shown in the following

corollary.
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Corollary 4.4.1. Suppose A = A\ with \y € R and |\1| > 1. There exist coding
and controlling strategies {&:() >0, {Z:(*) }t>0, such that the system (4.1)) can be

mean square stabilized over the Gaussian finite-state Markov channel if and only if

1
p(Hy)

2
Al <

Generally, there exists a gap between the necessity (4.10]) and the sufficiency (4.26])
for high dimensional systems. In the next section, we will study power constrained

Markov lossy channels and derive improved results.

4.5 Stabilization over Markov Lossy Channels

In this section, by utilizing the properties of the Markov lossy process, we propose
communication scheduling algorithms for power constrained Markov lossy channels
and show that they can achieve larger stabilizability regions than that with the

TDMA| scheduler. We first start with two-dimensional systems.

4.5.1 Two-dimensional Systems

The necessary and sufficient condition to ensure the mean square stabilizability for
two-dimensional systems controlled over power constrained Markov lossy channels

is stated in the following theorem.

Theorem 4.5.1. Suppose n = 2. There exist coding and controlling strategies
{&:() b0, {Z:(*) }1>0, such that the system (4.1) can be mean square stabilized over
the power constrained Markov lossy channel if and only if (4.15) and (4.16)) hold.

For the case of two-dimensional systems with eigenvalues of equal magnitude, the
communication scheme designed in Section is shown to be optimal (in the

sense that it achieves the largest stabilizability region indicated by the necessary
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condition in Theorem ; see Corollary In this subsection, we only provide
the optimal communication scheme for two-dimensional systems with eigenvalues
having different magnitudes, i.e., 4 = [} AOJ with A, As € R and |Aq| > |Ao| > 1.
In view of Theorem [4.5.1} we only need to prove that the following conditions are

sufficient

(1—qg)Af <1, (4.32)
p(A\2 -1
oM {1 + ﬁ] <1, (4.33)
1 p(|A1Az] — 1)
52| A As [1+ TR 1. (4.34)

Remark 4.5.1. A small 0, a large q and a small p are always preferred, which

correspond to a more reliable channel, and thus can tolerate more unstable systems.

This is confirmed from (4.32) (4.33) and (4.34).

4.5.1.1 Optimal Scheduler Design

The communication structure is designed similarly as in Section [4.4] with the same
observer /estimator /controller design and the channel encoder/decoder design.

In [Ag|—In A .
In A1/ =In Aa] lll nP2l and 7 s
né

The scheduling Algorithm |4.2[is then proposed, where ¢ = 2
the scheduler parameter to be specified later. Since the switching among trans-
missions in Algorithm relies on the channel state information, which is known
to the decoder and the encoder via the channel feedback, we do not need to con-
sider the coordination among encoders and decoders. Algorithm [4.2]is based on the
optimal scheduling algorithm for control over power constrained lossy channels in
Section [3.4.2] where it is shown that such allocation of channel resources is optimal
for the stabilization of two-dimensional systems with channel states. Even
though the channel state {7;}+>0 is correlated over time for the power constrained
Markov lossy channel, the sojourn time {7} }x~o is We may study the chan-
nel from the perspective of the sojourn time sequence and expect that the

Algorithm [£.2] is optimal as well.
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Algorithm 4.2: Chasing and Optimal Stopping Scheduler for Power Con-
strained Markov Lossy Channels
In the k-th round,

e The first encoder/decoder pair is scheduled to use the channel until the
transmissions succeed for 7y times. Denote the time period to achieve this
object as T}..

o —If
(4.35)

the second encoder/decoder pair is scheduled to use the channel until
the transmissions succeed for 75, times with

7ok > 11+ (T + T7) 0, (4.36)

where T7 denotes the minimal period of achieving this object.

— Otherwise, set 77 = 0 and do not conduct any transmissions.

e Repeat.

The right hand side of is the requirement on the minimal successful trans-
mission numbers 7. Even if transmissions fail consecutively, since 7 + (7, kl +1)¢ is
diminishing with time ¢, the stopping condition would be satisfied eventually,
which means T} is bounded. To make notions clear, we plot the scheduled trans-
missions and the first round transmission in Figure [4.4] and Figure [1.5] respectively,
where the definitions of Ty, T}, T}, TZ and the new symbols Ty, T}, are summarized in
Table . It is clear from Algorithm that T; and T} are ; T? is independent
of T7 for any i # j. Besides, we have T} =17 +...+T;, 1Tt =T}, +...+ T}

T1+72,1°

To =0 Ty Tl Tk—l Tk, Tk

3

'@F

Figure 4.4: Scheduled transmissions with Algorithm
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the time when the transmission is successful as defined

Ty, k> .
kik 20 in (4.6))
. time duration between two successive successful trans-
T kE>1 . .
missions as defined in (4.7))
TS 1 the period to transmit the first encoder/decoder pair in
ko= the k-th round transmission
9 the period to transmit the second encoder/decoder pair
T:k>1 . .
in the k-th round transmission
— the total time to complete the k-th round of transmis-
Tk, k Z 1 . . T 1 2
sions, i.e., T, = 1T} + 17
. the time when £ rounds of transmissions are completed,
Tk, k>0 -

i.e., Tk = Zk ,I'J

i=1

Table 4.1: Lists of transmission related definitions

TO T1 T2 TTl T‘f‘ +1 TT +2 T7'1+7—211
L ! L
TS Tr Th4a THye T7 4y,
7! 77

Figure 4.5: The first round transmission with Algorithm

4.5.1.2 Scheduler Parameter Selection

If (4.32) holds, we have

: X1
E{T = x4 A i((f_ q))v] > 1
1

Since (1 — q)[A\Ae] < 1 from (4.32)), if (4.34) holds, we have

JE { [\ s

p(JAA2] — 1)

iy _ 5h
b= |1+ 1—(1—q)|M

| <L

Since E{e?11} with b = 21In |\, — @0 is increasing in §; when § = 0, E{e?T71} =

E{\:"} > 1 and when § = LIn§, E{e™71} = G2E{|\ ),

T} < 1, we know that

there exists 6* with %1115 < 0* <0, such that

E {7} =1 (4.37)
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The scheduler parameter 7 is then selected to satisfy

—2In2+6*(1 - ¢) —In2
Ind — 20 ’ In <5)\%[1 + p(AT-1) ])

1-(1-q))?

(4.38)

71 > max

4.5.1.3 Sufficiency Proof of Theorem 4.5.1

Denote the event T} < —7 as {. Let By = ZszfH 7; and Y, = Bt ¢ > Tl 1,

For k > 11, we have

E£ {YTk‘Ykau SR 7YT71 } = YTk71E§ {e z:thk,1+1 v k }

= Y, Ee {e9*+bT,;=} (@) Yo .,

where (a) follows from the fact that {7} }r~o are and (4.37). Thus, Yy, is a
martingale in & > 7. Then in view of the optional stopping theorem [109], we
have E{Y7, +7271} = E{Yr, ,,} = 1. However, by our stopping condition (4.36),
we know that Br, ., = 71 = n + (I} + T7)¢ + c for some ¢ > 0. Therefore,
Be {Vr,,1ry, | = Be {00010 L 1 which implies that

B w30)

We then show that ¢ is bounded. If at time 77, the transmission is successful, then
o1 — 1 <7+ (Tl — 1)¢ since the stopping condition (4.36)) is not satisfied at time
T, —1. In the consideration that ¢ = To1 —Ti -7 ¢, we have an upper bound for ¢ as
¢ < 1— ¢. Similarly, if at time 7}, the transmission fails, then To1 < T+ (Tl —1)o.
An upper bound for ¢ is therefore given by ¢ < —¢. Thus, in general, an upper

bound for ¢ can be given by ¢ <1 — ¢.

Since 6* > 1Ind, 1 — £~ > 0, which means 2In |A;| — 2In|Xs| — 6*¢ > 0. When

Iné
T > —7%, we further have TH2In | A\i| — 2In|Xs| — 6*¢) > 0*1y — 71 Ind + O c —
In2. With some manipulations, we can show that when T} > —%, Q= A;Tll —

2TY _px _px a7l _p*
2)\112 0% —0* ¢T7y 9057’1<0'
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Denote the event that T} > —% as 1. In view of the conditional expectation, we

have

E(T67 + M85m0} = B{EC(AIT0™ + AT 671 }) + B{E, (V167 + AT 671}
(a) -
< E{E{222T167 )} + E{E, {27167 + 221 )}
D E(E 20 e T 0 ey L B{E, (A6 + A ))

< B{2A]T e 00T =0 esmy L B(R, (A 6T+ Q))
D Bon2t -0 m-0omi-0cgny L ey sny (4.40)

where (a) follows from and ([4.36)); (b) follows from ([£.39) and (c) is due to

the fact that when 77 > —7, Q < 0. Since

E {2>\le1 e—e*n—e*qull—e*c(;n} (%) 95T =0 0" (1-0) g {elel}

_257’1 —0*T1—0*( ]E{bT}

®) 2e79*(17¢)(5e720 ),
where (a) follows from the fact that ¢ < 1 — ¢; (b) follows from (4.37)), we have
E {67 4 23T g |

< 2e70 (19 (5= )n | B {Afo 5} 1

2 T1
— 9,0 (1—=¢) [ 5,—20"\71 2 (A = 1)
e (6e720)™ 4 (5/\1[1+ - (1—q)A%] .

Since de~2*" < 1, if (4.33) holds and 7; is selected to satisfy (4.38), we have

E{)\fTI o™ + )\gﬁ d™1} < 1, which further ensures

E {Afflaﬁ} <1, E {Agflam} <1 (4.41)

Next, we will show that the randomly sampled sequence ]E{ €1 7, } ,k > 0 is mean

square bounded. Conditioned on the sequence {v# ., V5 41---»> V4,47, ) and
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from (4.28)), we have

D {eiTk} =E {eiTkﬂ-&-Tk}

Tp—1 Tp—1 Tp—1
H Azéwk 1”1@{ €5 1} + Z H AfémfﬁjE{q)?Tk 1+Z}
i=0 j=i+1
. Tp—1 T—1
2Ty, o7 2 2 V7
—AterE{ey b Y [T woneee{et,
=0 j=i+1
(a) Tl

<A {e, b+ Z N R e,
To-1
< NME{els, | +swE{9}} Z AT=i=)
2(Tk 1) A
&

)\QTk5nE €1 F,_ 1}+sup]E{<I> t} —,
t

where (a) follows from the fact that 07 <1 for any k. Thus, we have that

_ )\Z(kal) _ )\—2
E{cy} <E{QOo B2, |+ swE{0 }E {H—AJ L (442)
) ) -1 t ’ _ 1

Since {Tj}r>1 are fi.i.d} we have E{)\?Tkéﬁ} < 1 and sup, E{®? }E{ lk /\_2’\ 2}

is bounded from (4.41)), then the randomly sampled sequences E {61 Tk} k> 01is
bounded from (4.42)). Similarly, we can also prove that E {eg Tk} ,k > 0is bounded.

For any t, there must exist k such that t € [Tk,Tk+1]- Thus, conditioned on the

lossy process {7;}+>0, we obtain that for i = 1,2

t—1 t— Tk 1 t—1
E{ez?,t} = H )‘?‘WE {eka} Z H )‘25%&?‘{ sz+z}
jZTk 1=0 j= Tk+l+1
) AATe) -2
S )\2(t7Tk71)E{ } + SU.pE {(I) t} /\_2 3
i i} 2(Tk+1 Ti—1) 22
< )\2(Tk“_Tk_1)E{ } + SUPE {CD t} 22 -

Tkl )\2

< )\Q(T’“’l)E{ } + sup]E {(ID }
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Thus, we have

2 2(Th—1 2 2 XD a2
R e G e e §

Since E {/\?T’“} and E {G?Tk} are bounded, we know that E {e?’t} is bounded. In

view of Lemma [£.4.1] the sufficiency is proved. O

4.5.2 High-dimensional Systems

The key difficulty in stabilizing multi-dimensional systems over fading channels is
to optimally allocate channel resources among different sub-dynamics. We can show
that the desired optimal allocation is determined by the magnitudes of eigenvalues
and the realization of the channel fading. To optimally schedule the current trans-
mission, we need to know the future fading realizations as shown in Section |3.4.3],
which is not available due to the casualty constraint. For two-dimensional sys-
tems, we can adopt Algorithm to overcome this problem, which first allocates
a constant amount of channel resources to the first sub-dynamics and then opti-
mally stops the transmissions for the second sub-dynamics. But this method is not
applicable to three or higher dimensional systems since to optimally stop the trans-
missions for the second or subsequent sub-dynamics, we need the information of the
channel fading realizations from the future transmissions for all the sub-dynamics,
which is not possible due to the causal availability of the channel state information.
In this subsection, an adaptive scheduling algorithm is proposed for high-
dimensional systems, which is adaptive to the lossy process and outperforms the
scheduling Algorithm as shown later. The adaptive TDMA] scheduler is stated
in Algorithm [4.3] where 74, ..., 7, are scheduler parameters to be specified later.

Let T} denote the period for the i-th encoder/decoder pair to achieve 7; successful
transmissions in the k-th round and define T, T}, analogously as in Section m
The scheduled transmissions with Algorithm [4.3]is depicted in Figure [4.6] It is clear
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Algorithm 4.3: Adaptive [[DMA] scheduler for Power Constrained Markov
Lossy Channels

e The first encoder/decoder pair is scheduled to use the channel, until the
transmissions succeed for 77 times.

e The second encoder/decoder pair is scheduled to use the channel, until the
transmissions succeed for 7, times.

e The n-th encoder/decoder pair is scheduled to use the channel, until the
transmissions succeed for 7,, times.

e Repeat.

|
|
|
|

Figure 4.6: Transmissions with the adaptive  'DMA|scheduler

that T} is independent of T,f , and T; and T} are for any i # j. A sufficient
stabilizability result with Algorithm [4.3is stated in the following theorem.

Theorem 4.5.2. There exist coding and controlling strategies {&;(-) }t>0. { Z:(*) }t>o0,
such that the system ({4.1)) can be mean square stabilized over the power constrained

Markov lossy channel, if there exist a;, i = 1,...,d with0 < o; < 1 and Z?Zl a; =1

such that
(I —q)n* <1, (4.43)
55 2 + - i(!(iﬁ q_)‘l)?ip] <1, (4.44)
forallv=1,...,d.
Proof. Here we only consider the case that \{,..., \; are real and m; =1, = 1. We

can easily extend the analysis to other cases by combining the following analysis with

similar arguments used in [116]. In view of Lemma the sufficient condition in
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Theorem [4.5.2] is equivalent to the following condition

E{A??}5M«<1, i=1,....n. (4.45)

Let ¢ = min;(logs E {A?Tf} + «;). For any «;, there exists a rational sequence

{Bix k>0, such that limy_, B; x = a;. Then limy_, % = Z(j-iaj = ;. Therefore,

for the given ¢, there exists M € N7, such that | Bip  _ a;| <ivforalli=1,... ,n.

Zj 5j,M
Bi,m o . 277 C .
Thus, S B >aq; — > —logs E {)\i }, which implies
. Bi, M
E{)\le}ézjﬁ.ﬁM <1, i=1,...,n.
Since S, - - -, Bn,ur are rational, there exist integers 71, ..., 7,, 7 such that §; ,y = =

2

and E {)\?Tf} 557 < 1fori= 1,...,n, which implies

= *Y T1+...+Tn
E{ﬁﬂw}:E{ﬁﬂ}l 5 < 1.

Similar to the proof of Theorem [4.5.1, we can show that the sampled sequence

E {ef Tk} is bounded, and further E {eit} is bounded. In view of Lemma 4.4.1{ the

sufficiency is proved. O

Remark 4.5.2. In view of Lemma[{.3.1, Theorem can be equivalently stated

as: if there exist a;s with 0 < a; < 1 and Zle a; = 1, such that

Vi

E{ﬁ”}@5<1, (4.46)

(3

fori=1,...,d, the system is mean square stabilizable. Then the existence of a;s in
Theorem |4.5.4 can be determined as follows. Let o = —v;logs E {A?Tf}, which s
the lower bound for any feasible o; from (4.46). If >, af > 1, there are no feasible

*

. . . . . o’
«;s. Otherwise, one admissible «; is given by o; = SONSE
JJ

Remark 4.5.3. Theorem can be equivalently expressed as: if there exist ;s
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with 0 < a; <1 and Zle a; = 1, such that

2v;

A p(Q'Dy) < 1, (4.47)

for i = 1,....d, the system is mean square stabilizable. For power constrained

Markov lossy channels, in view of Lemma (4.47) is equivalent to

YiogT
E {/\ ' }5 < 1. (4.48)
Since E {)\?Tf } i <E {)\f ' } from Jensen’s inequality, any X\; that satisfies (4.48)),

must also satisfy (4.46). Thus, the adaptive |[TDMA| scheduler outperforms the
[TDMA| scheduler in the sense that it can tolerate more unstable systems.

When all the strictly unstable eigenvalues have the same magnitude, the sufficient
condition in Theorem coincides with the necessary condition in Theorem [4.3.2]

as shown in the following corollary.

Corollary 4.5.1. Suppose |\| = -+ = |Aa,| = A > 1 and | Mgy, 1]| = --- = |\a| =
1 with 1 < d, < d. There exists an encoder/decoder pair {&(-)}i>0, {2:(*) }i>0,
such that the system (4.1) can be mean square stabilized over the power constrained

Markov lossy channel if and only if

(1 - q)j\Q < 17

p(A\? —1)

1
ST N2 4 P T
S e

] < 1.

Remark 4.5.4. As an application of the derived theorems, we have the following

extensions.

o When p = 0,q = 1, the power constrained Markov lossy channel degenerates

to the [AWGN channel, a necessary and sufficient condition to ensure mean

square stabilizability from Theorem and Theorem[{.5.9is >, viIn || <
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sIn(1 + %), which coincides with the stabilizability condition over [AWGN

channels in [61,/62].

o [fp=1—q, we can obtain the stabilizability condition over power constrained
lossy channels [110]. We can show that Theorem Theorem and
Theorem [4.5.9 recover Lemma 1, Theorem 2 and Theorem 1 in [110)], respec-
tively.

e For the power constrained Markov lossy channel, taking the limit P — oo,

2

o, — 0, we obtain the stabilizability condition for control over Markovian

packet loss channel from Theorem[{.3.4 and Theorem[4.5.9 as (1—q)|M|* < 1,

which recovers the results in [38,40,117]. Moreover, if p = 1—q, we can further

recover the stabilizability condition for control over [i.i.d] erasure channels as

in [{1,[48).

4.5.3 Numerical Illustrations

For two-dimensional systems controlled over power constrained Markov lossy chan-
nels, suppose P = 3,02 = 1, the regions for (In |\;],In |\s]) indicated by the derived
necessary conditions and sufficient conditions are plotted in Figure |4.7] under dif-
ferent failure and recovery rates. We plot the necessary stabilizability region and
sufficient stabilizability regions achieved with the optimal scheduler, the [TDMA]
scheduler and the adaptive [TDMA] scheduler for the case p = 0.3,q = 0.6. For
the cases of p = 0.6, = 0.6 and p = 0.3, = 0.9, only the stabilizability region
indicated by the necessity and sufficiency with the optimal scheduler is plotted. The
other sufficient stabilizability regions are omitted for clarity but can be plotted in a

similarly way as in the case of p = 0.3,q = 0.6.

For the given failure and recovery rate, it is clear that the adaptive TDMA]scheduler
achieves a larger stabilizability region than the [TDMA] scheduler. When the two
eigenvalues are with equal magnitude, the adaptive scheduler is optimal,
which is implied in Corollary [4.5.1] Besides, the optimal scheduling Algorithm
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Necessity and Sufficiency with Optimal Scheduler
when p=0.3, q=0.9

04+ Necessity and Sufficiency with Optimal Scheduler

when p=0.3, g=0.6

Sufficiency with Adaptive TDMA Scheduler
when p=0.3, g=0.6

03 Sufficiency with TDMA Scheduler

when p=0.3, q=0.6

In|2]

0.2

0.0

L L L L L
0.0 0.1 0.2 0.3 0.4

Inf,

Figure 4.7: Stabilizability regions for (In|A;],1In|As|)

is tight as proved in Theorem Moreover, when we increase the failure rate p
or the recovery rate ¢, the stabilizability region is reduced or enlarged as expected

due to the change of the reliability of the communication channel.

4.6 Summary

The chapter studies the mean square stabilization problem of discrete-time [LTT] sys-
tems over Gaussian Markov channels, which suffer from both signal-to-noise ratio
constraint and correlated channel fading modeled by a Markov process. The exis-
tence of a fundamental limitation for mean square stabilization is firstly established.
Sufficient stabilization conditions under a[TDMAlcommunication scheme are derived
in terms of the stability of a Moreover, a necessary and sufficient condition is

presented for mean square stabilization of two-dimensional systems controlled over
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power constrained Markov lossy channels. Furthermore, improved sufficient stabiliz-
ability conditions are derived based on an adaptive TDMA| communication scheme
for general highdimensional systems, which achieves a larger stabilizability region

than the ['DMA| communication scheme.
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Chapter 5

Distributed Consensus over

Undirected Fading Networks

5.1 Introduction

The previous chapters studied the networked control problem of single-agent sys-
tems over fading channels. It is still unknown how the channel fading affects the
consensus problem of [MASE. Previously, the consensusability problem of has
been studied under perfect communication assumptions in [82-85]. However, since
fading is unavoidable in wireless networks, which are commonly used by most [MASk
nowadays, it is necessary to consider its impact on the consensusability of [MASE.
In this chapter, we consider a distributed consensus problem, in which there are
multiple agents that are connected through faded communication channels. Each
agent can only receive corrupted information about its neighborhoods’ states. The
wants to reach an agreement about all the agents’ states. We aim to charac-
terize the requirement on fading parameters and the communication topology that
can ensure the existence of a linear distributed consensus controller. The derived re-
sults would shed light on how the fading communication networks affect distributed

control systems.
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The rest of the chapter is organized as follows. Section provides background
materials and the problem formulation. Section deals with the case of identical
fading networks, and the mean square consensus problem over non-identical fading
networks is discussed in Section [5.4] Section provides the numerical simulations
and this chapter ends with a summary in Section [5.6]

5.2 Problem Formulation

5.2.1 Communication Graph

In this subsection, we introduce the basis of graph theory used to model multi-
agent systems. For detailed reference to graph theory, please refer to [118}|119].
A directed graph G = (V, ) is used to characterize the interaction among agents,
where V = {1,2,..., N} is the node set representing N agents and &€ C V x V
is the edge set with ordered pairs of nodes denoting the information transmission
among agents. An edge (i,7) € £ means that the i-th agent can send information
to the j-th agent, where node 7 and node j are called the initial node and terminal
node of this edge, respectively. The neighborhood set N of agent i is defined as
N, ={j €V |(yi) € £}. A directed path on G from agent i; to agent i; is
a sequence of ordered edges in the form of (ig,ix11) € €, k = 1,2,...,0 — 1. A
directed cycle is a directed path starting and ending at the same node. A graph
contains a directed spanning tree if it has at least one node with directed paths
to all other nodes. The underlying graph of G is the graph obtained by treating
edges of G as unordered pairs. The adjacency matrix A,q; is defined as [Aaqgi]i = 0,
[Aagjlij = 1if (j,1) € € and [Aaqgj]i; = 0, otherwise. A graph G is called balanced if
and only if Ej'vzl[Aadj]ij = Zj’vzl[Aadj] ji for all 4. G is undirected if A.q; = Ay An
undirected graph is connected if there is a path between every pair of distinct nodes.
The graph Laplacian matrix £ is defined as [Lli; = D\ [Aadilijs [Llij = —[Aaalij
for i # j. The graph Laplacian £ has the following property.
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Lemma 5.2.1 ( [80]). All the eigenvalues of L have non-negative real parts. Zero
1s a simple eigenvalue of L with a right eigenvector 1 if and only if G contains a

directed spanning tree.

5.2.2 Consensusability over Fading Networks

The discrete-time dynamics of agent ¢ has the following form
zi(t + 1) = Az;(t) + Bu,(t), vi(t) = Cai(t), (5.1)

where 7 = 1,2,...,N, and z; € R"y; € RP,u; € R™ represent the agent state,
output and control input, respectively. Without loss of generality, we assume B has

full-column rank and C has full-row rank.

The agents communicate information to their neighbors through fading channels.
Specifically, in this chapter, we let the j-th agent send the information Cq;(t) —y;(t)
to the ¢-th agent at time ¢ with ¢; € R" representing the j-th agent’s controller state
as specified later. At the channel output side, the i-th agent receives the deteriorated

information
rij(t) = 7 (0)(Cq;(t) — y;(t)) + wiz ()

with 7;; modeling the channel fading and w;; denoting a zero-mean white communi-
cation noise with bounded variance. For simplicity, we assume that all components
of Cg;(t) — y,(t) are transmitted together over the same fading channel, and do
not consider the channel input power constraint in this chapter. Combining all the
received information from its neighbors, agent ¢ generates the control input by using

the following controller

G(t+1) = (A+BK) ai(t) + F > [ (t) (Cailt) — (1)) — r5(1)],
JEN; (5.2)

where 1 = 1,2,..., N, and F' and K are controller parameters to be designed.
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i wlij fading channel

v v
Agent j €N, —»@—»@—» Agent 7

Figure 5.1: Information transmission from agent j to agent ¢

Remark 5.2.1. The fading factors of [MASs appear in the consensus protocol in a
similar way as the coupling terms c¢;; in [120-122], which design adaptive updating
laws for c;; to achieve a fully distributed consensus control. However, they are
different in the following aspects. Firstly, v;; in our formulation arises from the
channel fading, which is part of the model and is stochastic, while c;; is a design
parameter, which is part of the controller in [120-122]. Secondly, we try to determine
the relations of the agent dynamics, the network topology and the fading statistics
to ensure the existence of a consensus control law, while they aim at designing one

admissible consensus protocol to achieve a fully distributed consensus control.

' and define the consensus error as 6 =

Let &5 = [v/,¢], ¢ = [¢],&),...,eN]
e — +((17) ® I,)e. The mean square consensus is defined as the mean square
boundedness of the consensus error, i.e., lim;_,o, E{d(¢)d(¢)'} < M, where M > 0 is

a constant matrix.

We aim to derive conditions on the fading statistics, the agent dynamics and the
communication topology under which there exist F' and K in the controller (/5.2))

such that the multi-agent system ([5.1)) can achieve mean square consensus.

To avoid triviality, we make the following assumption as in Section IL.B of [83].

Assumption 5.2.1. All the eigenvalues of A are either on or outside the unit disk.

In this chapter, the mean square consensusability problem is studied under undi-
rected graphs with identical fading networks and non-identical fading networks,

respectively. The case with directed graphs is studied in Chapter [6]
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5.3 Identical Fading Networks

In this section, we consider the scenario where all the fading channels are identical,
which is a reasonable assumption for [MASE operating in a small area with similar

physical configurations.

Assumption 5.3.1. The channel fading is identical and i.i.d., i.e., v;;(t) = v(t)
forallt > 0,4, =1,2,...,N, and the sequence {y(t) }1>¢ is i.i.d. with mean p and

variance 2.

Throughout this chapter, if the state of a stochastic dynamical system converges

to zero in mean square sense, we say the dynamical system is mean square stable.

The error dynamics of § under Assumption isdt+1)=UI[A+v)L®

H)o(t) + C(t), with A = [§ 78] . H = [ e rol and C(t) = (I — ((11) &
IQH))[Z?;[O’, —wy (1) F'], ..., Z;VZI[O’, —wn; ()" F'])'. Since w;;(t) is with bounded

variance, so is C(t). Because the consensusability is defined as the mean square

boundedness of 9, if the following dynamics is mean square stable
t+ 1) =Un@A+~v(t)LRH)), (5.3)

i.e., limy oo E{(¢)0(t)'} = 0, mean square consensus of the [MAS| can be achieved.
Thus we focus on studying the requirement under which system is mean square
stable. The following lemma, which describes the solvability of a modified Riccati
inequality, is critical in networked control over fading channels of a single agent
system. The extension of networked control over fading channels from single-agent

systems to [MASE relies closely on Lemma [5.3.1]

Lemma 5.3.1 ( [45]). Under Assumption and assuming that (C, A) is ob-
servable, there exists a solution P > 0 to the following modified Riccati inequality

P> APA' —9APC'(CPC") 'CPA, (5.4)
if and only if 0 is greater than a critical value 0. € [0,1).
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Remark 5.3.1. The value 0. is of great importance for determining the critical
erasure probability in Kalman filtering over intermittent channels [41,|45,/125]. It
has been shown that the critical value 0. is only determined by the pair (A, C) [125)].
However, an explicit expression of 0. is only available for some specific situations.

For example, it has been shown that when rank(C) =1, 0, = 1— m and when

1

AR For other cases, the critical value

C is square and invertible, 8, = 1 —

0. can be obtained by solving a quasiconvexr LMI optimization problem [45].

The basic idea in this subsection is to transform the mean square stabilization
problem of ([5.3) into an equivalent simultaneous mean square stabilization problem,
i.e., to determine whether there exist common control gains F' and K that can

simultaneously stabilize a series of subdynamics in mean square sense. Let h =

(In @ [ 7™ ])é, then

h(t+1) = (In ® A+ ()L @ H) h(t) (5.5)

with A= [§ 4%k ] H = [ 5% 5] The mean square stability of is equivalent
to that of . If the undirected graph G is connected, we can select ¢; € RY
such that £¢; = \¢; and form the unitary matrix © = [1/V/N, ¢, ¢s, ..., On]
with diag(0, Ao, A3,...,Ay) = ©'LO and 0 < Ay < A3 < -+ < Ay [80]. Let
g=191.95 ---,9n] = (0 ® Iy,)h, then g = 0 and

for t = 2,3,...,N. Thus the mean square stability of (5.5)) is equivalent to the

simultaneous mean square stability of (5.6) with ¢ =2,3,..., V.

In the following, we will show that the mean square stability of (5.6) for any i can
be obtained from that of a low-dimensional system, which physically implies that
dynamic output feedback control has the same effect as state feedback control if the

communication topology is undirected and connected.
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Lemma 5.3.2. Under Assumptions [5.2.1] & |5.53.1, there exist F' and K, such
that system (5.6) is mean square stable if and only if (A, B) is controllable and

gui(t+1) = (A+ A\v(t)FC)g1;(t) is mean square stable.

Proof. (Sufficiency) Suppose there exists F', such that g;;(t+1) = (A+X\y () F'C)g1:(t)
is mean square stable, then there exists Py; > 0, such that Py; > (A+\uFC) Py (A+
MNpFCY + X 202 FCP,;C'F' [49]. Since (A, B) is controllable, there exist Py; > 0 and
K such that Py; — (A + BK)Py(A+ BK) > Q; for any Q; > 0. Let Q; = \2(® +
o )FCPLC'F' + M/H; *M;, M; = (A + \uFC)Py(AuFC) + No?FCOP,C'F',
H; = Py — Mo?FCPLC'F' — (A + \pFC)Py(A + MpFC), and P, = [13 9 ].
Based on the Schur complement lemma [124], it is trivial to show that P, > (A +
Nt H) By (A + NiuH) + M2o?HPH', which implies the mean square stability of
and thus proves the sufficiency.

(Necessity) Since the system is mean square stable, decomposing g; = [¢};, ga;)’

as

Gt +1) = (A+ \y(t)FC) g1:(t), (5.7)
G2i(t +1) = (A4 BK) g2s(t) — iy (t) FCgri(1). (5.8)

Then, the subdynamics should be mean square stable. Besides, from Lyapunov
inequality [125] in probability theory, the mean square stability of implies that
the first-moment dynamics E{g;(t+1)} = [A;/:L’%FCC aspi | E{gi(t)} is stable, which
indicates that A+BK is stable. Thus under Assumption[5.2.1] (A, B) is controllable.
This completes the proof of the necessity. n

In view of Lemma [5.3.2] we have the following result.

Theorem 5.3.1. Under Assumptions|5.2.1/ & (5.3.1), the|[MAS (5.1) is mean square

consensusable by the controller (5.2)) under a connected undirected communication

topology if (A, B) is controllable, (C, A) is observable, and

Ay — A\
1-— > 0., 5.9
()\N+)\2> ] (5:9)
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where 0. is given in Lemmal5.3.1. Moreover, if (5.9) holds, there exists a solution
Py > 0 to the modified Riccati inequality (5.4) with 0 = 61, and a pair of control

gains that ensures mean square consensus can be given by
24

F=— AP,C'(CP,C")*
o+ An) (2 +02) ° (ChC)

and any K satisfying that A+ BK 1s stable.

Proof. 1f (5.9)) is satisfied and (C, A) is observable, in view of Lemma [5.3.1} there
exists a solution Py > 0 to the modified Riccati inequality (5.4)) with 6 = ;. It is

. i . N - A0 D2 FAN)—A2)
trivial to show that 6; > 6, for all : = 2,3,..., N with 6, = 4o Ontr2)?

Thus we have
Py > AP, A' — G;AP,C'(CP,C") 'CR A,
which can be equivalently formulated as
Py > APyA' + NpAPyC'F' + ApFCPyA' + \2(1® + 02)FC Py C'F’

with F = ——— 2 AP)C'(CP,C")~". This implies that

(A2+AN)(u2+02?)
Gt +1) = (A+ Xy () FC)gui(t)

is mean square stable for all i = 2,3,..., N. Since (A, B) is controllable, in view
of Lemma , we know that with ¢+ = 2,3,..., N are simultaneously mean
square stable, which indicates that mean square consensus of is achieved
and this completes the proof. O

In the following, we show that the sufficient condition in Theorem [5.3.1] is also

necessary for scalar systems, i.e., n = p = 1. Without loss of generality, let A = ay,

Czl,F:fo.
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Theorem 5.3.2. Under Assumptions[5.2.1 & andn=p=1, the (5. 1))

is mean square consensusable by the controller (5.2]) under a connected undirected

communication topology if and only if (A, B) is controllable, (C,A) is observable,
and (5.9) holds with 6, =1 — %

Proof. Since the sufficiency has been shown in the proof of Theorem here we
only prove the necessity. Since the mean square stability of (5.3]) implies the mean
square stability of gi;(t + 1) = (ao + N\iy(t) fo)g1i(t) for all i = 2,3,..., N from the

proof of Lemma [5.3.2] we have
ag + 2 ipfoag + N (p? + o) f3 < 1. (5.10)

By completing the square of ([5.10)), we have

2
N7 N S R S
i w iEitot) @ iErot

which further indicates
fo

Qo

B, < < B, (5.11)

with

1 2
; Va1 =
=i Aiv/ 2 + o2 ’

1, _wp o
\/ag taee oL

B /#2_;'_0-2

’ Ain/ p? +o? .

Since gy;(t+1) = (ap+ Ay (t) fo)g1i(t) is mean square stable for all ¢ € {2,3,..., N},
, such that ((5.11)) holds for all ¢ = 2,3, ..., N. This means

there exists a common

Jo
ag

N; (ﬁl,ﬁl) must be non-empty, which implies 3 , < By. Further calculation shows
that (5.9) holds with 6. =1 — a—12 The proof is completed. m
0

Remark 5.3.2. If each agent is a single integrator system

ZL‘Z(t—l—l) :xz(t)jtu,(t),z:l,,N, (512)
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the necessary and sufficient condition in Theorem becomes

2 An — A
_H (AT A 0,
/LQ + 02 )\N + )\2
which holds naturally. This implies that as long as the undirected graph is connected,
the multi-agent system can achieve mean square consensus, irrelevant of the channel
fading level. This can be easily verified. If each agent is a single integrator system

as in , the mean square consensus problem is equivalent to the simultaneous

mean square stability problem that
gu(t+1) = (L+ Xiy(t) fo)gu(t), i=2,...,N.
To stabilize the above systems, we should find fy such that
E{(1+ Ay(8)f0)2} = 14 2\ipfo + N2 + 02) f2 < 1, (5.13)

foralli=2,... , N. Since \; > 0, the condition 15 equivalent to the require-

ment that
minmax 2y fo + Mi(i + %) [} < 0.
0 7
Since

minmax 2 fo + N +0%) f§ = min2ufo + A (i + 0%) fg
0 7 0

2
1

An(p? +0?)

for any given p?, 02 Xa, ..., Ay, we can always find fo such that (5.13)) holds simul-
taneously. Therefore, for single integrator systems, as long as the undirected graph

18 connected, mean square consensus can be achieved.

Remark 5.3.3. For single-input vector agent dynamics, the sufficient condition

might not be necessary. Suppose (5.6) are simultaneously mean square stabilizable,
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then in view of Lemmal[5.3.4 and Lemma 1 in [49], for each i, |det(T;)| < 1 with
[ = (A + \NuF'C) @ (A + \uC'F') + Mo (F'C) @ (C'F). (5.14)

Without loss of generality, assuming that the LTI dynamics is already in the canon-

ical observable form with

0 ... 0 Qo
1 ... 0 ay
A=1 .7C:@rw&@a
0 ...1a,
and F = [fo, f1, -+, fu_1], in view of Laplace expansion, it is trivial to calculate
that
det(Is) = (ao + Aipefo) "~ (N (u? + 0®) f + ag + 2Xipfoao) - (5.15)

Generally, from (5.15)), we cannot conclude that (5.10)) holds. Thus we cannot show
that the sufficient condition is necessary for single-input vector systems as in the

proof of Theorem )

Remark 5.3.4. For agent dynamics with rank(C) > 1, the sufficient condition
might not be necessary. The following simplified model can be used to demonstrate

this point. Consider the systems
Gu(t+1) = (A+Ay(t)FC)gui(t), 1 =2,3

witho =0, A=[32],C=[}9] and 0 < ¢1 < ¢a. If the sufficient condition (5.9)
1s also necessary for mean square stabilization, then the following optimization prob-
lem

mliwn max p(A + \pFC)
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returns an optimal value that is less than 1 if and only if

A3+ Ay
< . 5.16
C2 N — Ao ( )
However, numerical evaluation shows that when choosing ¢ = 2,co = 14, \; =

6, Ao = 7,u = 1, which contradicts the condition (5.16)), the optimization problem
still returns an optimal value 0.6155, with the argument F = [ Z0:3038 15005, . Thus
the sufficient condition (5.9) is generally not necessary for the simultaneous mean

square stabilization of multiple-input systems.

5.4 Non-identical Fading Networks

In the presence of non-identical fading networks, the consensus error dynamics of
0is 0(t+1) = (In @ A+ L(t) @ 1) 6(t) with [L()]i = D en; [Lli7ii (1), [L(0)]i; =
[L];j7vij(t) for i # j. Since the channel fading 7;; is coupled with elements of the
graph Laplacian, the analysis of the mean square consensus is difficult. In the
following, we propose to use edge Laplacian instead of graph Laplacian to model
the consensus dynamics. This method allows us to separate the fading effect from

the network topology by building dynamics on edges rather than on vertexes.

5.4.1 Definition of Edge Laplacian

A virtual orientation of the edge in an undirected graph is an assignment of direction
to the edge (i, 7) such that one vertex is chosen to be the initial node and the other
to be the terminal node. The incidence matrix E(G) for an oriented graph G is
a {0,1, —1}-matrix with rows and columns indexed by vertices and edges of G,

respectively, such that

+1, if 4 is the initial node of edge k
[E(Q)Lk = ¢ —1, if 7 is the terminal node of edge k

0, otherwise
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The graph Laplacian £ and edge Laplacian L. can be constructed from the inci-
dence matrix respectively as £ = E(G)E(G)', L. = E(G)'E(G) |126]. In this section,
the consensus problem is studied under an undirected tree topology setting, where
the eigenvalues of the edge Laplacian L. are the non-zero eigenvalues of the graph
Laplacian L, i.e.; Ag, A3, ..., Ay [127]. Note that for the case with general connected
undirected graphs, it is sufficient to study the mean square consensus over an arbi-
trary tree subgraph in the communication topology. We limit our attention to the
state feedback case in this section.

Suppose agent k sends the information z; through the fading channel to agent 7,
and the j-th agent receives the corrupted information as rj(t) = v;,(t)xr(t) +
wjk(t), where 7;; represents the fading effect and wj; denotes a zero-mean white
communication noise with bounded variance. The controller for agent j is designed

as

ui(t) = K Y (y(t)z;(t) — ri(t)) . (5.17)

Define the state on the i-th edge as z; = x; — a3, with j, k representing the initial
node and the terminal node of the i-th edge, respectively. Similarly, when only
mean square consensus is considered, wj; can be neglected without loss of generality.
Assume that the fading on the same edge is equal, i.e., vjz = Y&j, which makes sense
in practice [99]. Following the definition of the incidence matrix, the controller (5.17)
can be alternatively represented as u;(t) = K 3 p_,' e;xCr(t)2(t), where ¢, denotes
the fading effect on the k-th edge and e, is the jk-th element of E(G). If we define

z=1[2],25,...,2y_1], the closed-loop dynamics on edges can be calculated as
2(t+1) = (Iy-1 ® A+ L((t) @ BK) 2(t) (5.18)

with ¢ = diag((1, o, -+, Cv_1)-

If is mean square stable, the mean square consensus of the can be
achieved, i.e., lim; o E{||z;(t) — z;(¢)||*} = 0, Vi,j € V. Thus in the following, we
focus on studying the mean square stability of , and the following assumption

is made.
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Assumption 5.4.1. The channel fading sequence {(;(t)}i>o s i.i.d. with mean p;

and variance o? for alli=1,2,...,N — 1.

5.4.2 Sufficient Consensus Conditions

Under Assumption|b.4.1, we can derive a necessary and sufficient condition to ensure

the mean square stability of ([5.18)).

Lemma 5.4.1. Under Assumption the system (5.18)) is mean square stable if
and only if there exist K and P > 0, such that

P>I®A+LA®BK)PI®A+LA®BK)+(I®K)GUI®K) (5.19)

wzth G = (Z ® 11,) @ ((Ee ® B)/P(Ee ® B)), Z = [O-ij](Nfl)X(Nfl)’ Uij = E{(Cz —
) (G — py)} fori # j, ou = o} and A = diag(p, p2, - -, fiv—1)-

Proof. This result is immediate from Lemma 1 in [49] by noting that £.((t)® BK =
(L@ B)(((t)®I)(I ® K) and treating Iy 1 ® A, L® B, I ® K and ((t) ® I as the
system matrix, input matrix, output matrix and fading effects of the MIMO system

studied in [49] respectively. O

However, (5.19) cannot provide any physical insights into the mean square consen-

susability problem. In the following, we try to obtain some analytic conditions to

ensure mean square consensus of the (5.1) under controller (5.17)). Similar to

Lemma [5.3.1] we have the following result.

Lemma 5.4.2. [45] Under Assumption and assuming that (A, B) is con-

trollable, there exists a solution P > 0 to the following modified Riccati inequality

P> A'PA—7APB(B'PB) 'B'PA (5.20)

if and only if T is greater than a critical value 7. € [0, 1).
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The consensusability result is stated in Theorem [5.4.1]

Theorem 5.4.1. Under Assumptions & the multi-agent system (5.1)) is
mean square consensusable by the controller (5.17)) under an undirected tree topology

if there exists k, such that
k(LA +AL) + KP(ALIA+ X O L2) < —7., (5.21)

where 1. is given in Lemmal5.4.3 Moreover, if such k exists, there exists a solution
Py > 0 to the modified Riccati inequality , with T being the smallest eigenvalue
of —k (LA + AL.) — K2 (AL2A+ X O L2), and a control gain that ensures the mean
square consensus can be given by K = r(B'PyB)” ' B'PyA.

Proof. If (5.21)) is satisfied, in view of the solvability of (5.20), one can show that

there exists Fy > 0 to the matrix inequality

I P >1®ARA

+ (K (LA + AL + R2(ALIA+ X 6 L2)) @ APyB(B'PyB) 'B'PyA,

which actually is (5.19) with K = k(B'PyB) 'B'PyA and P = I ® Py > 0. In view
of Lemma [5.4.1} the proof is completed. m

Remark 5.4.1. If all the channel fading is identical, i.e., (;(t) = (o(t), Vi =
L,2,...,N — 1 and E{{(t)} = p, E{((o(?) —,u)2} = o2, (5.21) is equivalent to

min max K2 (1?4 0%)N? + 26\ < —Te, which further implies ;72% [1- (:\\g;g)ﬁ >

T.. This is consistent with Theorem [5.5.1|.

Theorem [5.4.1f implies that mean square consensusability is determined by the edge
Laplacian, the fading statistics and the agent dynamics. In the following, we will
show that under specific situations, the sufficient condition (5.21)) can be further

simplified.
A. The case of A = ul
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With the help of Theorem 5.5.1 in [128], we can obtain a relaxed sufficient consensus
condition as: there exists k, such that 2kuXy + k*X%(p? + p(X)) < —7.. Since

the minimum of the left hand side of the previous inequality is achieved at k =

2 A2

/(\—22 with the minimal value —M—QJ%A—%’, we have the following corollary.
N N

N
12 +p(X)

Corollary 5.4.1. Under Assumptions & and if N = ul, the 18
mean square consensusable by the controller under an undirected tree topology
of

—- > T, (5.22)
where T, is given in Lemma . Moreover, if holds, there exists a solution
Py > 0 to the modified Riccati inequality with 7 = 71, and a control gain that

. -1
ensures mean square consensus can be given by K = —#p(z);\—&(B’POB) B'RyA.
N

Remark 5.4.2. If the channel fading is uncorrelated with each other, the left hand

side of (5.22)) can be alternatively represented as )\%/(A?Vmaxi[l -+ Z—ED Since
2

arg max;[1 + %] = arg min,[5 In(1 + g)], the condition (5.22)) implies that the con-

sensusability is constrained by the eigenratio of the graph [83] and the minimal mean

square channel capacity [48] among all fading channels.

B. The case of N # nl

If A # pl, it is difficult to determine the eigenvalues of AL, + L.A. In the following,
we will show that if
A2

1
2 miax|u,» - §| < o (5.23)

then AL, + LA is positive definite, and we can further derive a relaxed sufficient

condition to ensure mean square consensus for the scenario of A £ ul.

Corollary 5.4.2. Under Assumptions & and if (5.23)) holds, the multi-
agent system (5.1)) is mean square consensusable by the controller (5.17)) under an

undirected tree topology if

V2
A 1 )‘2
To —
P maxi[p?] + p(T) D3,

> 7., (5.24)
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where 1. 1s giwen in Lemma and Ny is the smallest positive eigenvalue of
AL.+ L.A. Moreover, if holds, there exists a solution Py > 0 to the modified
Riccati inequality with T = 79, and a control gain that ensures mean square
consensus can be given by K = ——— 2 (B'PyB)"'B'RyA.

" max; [12]+p(Z) 2X%,

Proof. Let 5\2 < 5\3 <...< S\N be the ordered eigenvalues of AL, + L.A. Following

Exercise 2 after Corollary 6.3.4 in [115], one can conclude that

. 1 1
A2 — Xo| < I(A — 51)&; + Le(A — §[)H2
1
< 2l|A - §I||2||£e||2

1
<2 m?XWi - §|>\N-

If (5.23) holds, then |5\2 — A2| < A2, which means 0 < Mo < 2\y. Since Ay is the
smallest eigenvalue of AL, + L. A, all the eigenvalues of AL, + L.A are positive.
Thus AL, + L.A is positive definite. Besides, for all z € RV~!, we have

P’ ALEAT < N (Ax) (Ax) = A2’ N Az < Nimax[p?]a'z.

Based on the positive definiteness of AL.+L.A and the fact that AL2A < AN3max;[p?]],
we can obtain a sufficient condition for ((5.21)) as

min (Ko + w?(max [17] + p(D)AY] < 7. (5.25)

Following a similar line of argument as in the derivation of Corollary |5.4.1, we can
obtain (5.24)) from ([5.25). The proof is completed. O

Remark 5.4.3. For general channel fading that does not satisfy , the con-
sensusability condition would be more complicated. However, if we adopt the con-
troller of the form u;(t) = KZkeNj ki (i ()x;(t) — rjk(t)) for each agent j, the
dynamics for z would be z(t + 1) = (In—1 ® A+ LL(H)K @ BK)z(t), with K =

diag(/ﬁ, Ko, ... ,HN_I). Then by appropriately selecting the gain matrixz IC, one can
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equalize the first moment of the channel fading statistics, thus we can obtain a suf-

ficient consensus condition as in the scenario of A = ul.

Remark 5.4.4. One can easily show the consistency among the derived results. The
results derived for non-identical fading networks always recover the results for iden-

tical fading networks, i.e., under certain situations, Corollary implies Corol-
lary[5.4.1, and Corollary implies Theorem [5.3.1]

5.5 Simulations

In this section, numerical simulations are conducted to verify the derived results.

The parameters for the dynamics (5.1)) is given by

1.1830 —0.1421 —0.0399 ,
B=102,0.1,-0.5],
A= [0.1764 0.8641 —0.0394] ,

C =[1.3,1.4,1.5]
0.1419 —0.1098 0.9689

with A(A) = {1.0086, 1.0068, 1.0006} and 6. = 7. = 0.0314. In the following, simu-
lations are conducted under two cases: identical fading networks with an undirected
graph, non-identical fading networks with an undirected tree graph. In simulations,
the initial system states are randomly generated from the uniform distribution on
the interval (0,0.5). All the fadings are assumed to satisfy the Rayleigh distribution

—2*/(203) where x > 0 and o, is the

with probability density function f(x;0,) = %Ze
P

parameter for the Rayleigh distribution to be specified later in each simulation. The

channel additive noise is drawn from a zero-mean normal distribution with variance

one. The simulation results are presented by averaging over 1000 runs.

Consider the consensus problem over identical fading networks with an undirected
graph, where the communication topology is given in Figure |5.2] and the iden-
tical channel fading is assumed to follow Rayleigh distribution with the parame-
ter 0, = 5. In view of Theorem , the @ is mean square consensusable
and one pair of control gains can be selected as F' = [—0.0209, 0.0014, —0.0243]',
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Figure 5.2: Communication topology for an undirected graph

K = [0.1183,—-0.2153,0.0915]. The mean square consensus error for agent 1 is
plotted in Figure |5.3
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Figure 5.3: Mean square consensus error for agent 1 under an undirected communi-
cation topology with identical fading networks

For the case of consensus over non-identical fading networks, the communication
topology is assumed to be the same as in Figure [5.2] and the Rayleigh fading
statistics on the communication links 1 —2, 1 — 3, 1 — 4 are o,,, = 0.4980,0,,, =
0.4950, 0p,, = 0.4900, respectively. We assume that the channel fading is uncorre-
lated, and the sufficient condition to ensure mean square consensus in Corollary[5.4.2]
is satisfied. One controller gain is K = [0.4608, —0.6829,0.2069]. The mean square

consensus error for agent 1 is shown in Figure [5.4}
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Figure 5.4: Mean square consensus error for agent 1 under an undirected tree topol-
ogy with non-identical fading networks

Remark 5.5.1. Note that the tolerable Rayleigh fading statistics for the third sim-
ulation is smaller than the previous two simulations. This is because the fading pa-
rameters should satisfy the prerequisite , which in Corollary s sufficient
only, and is adopted to deal with the complexity caused by A # pl. Nevertheless,
as noted in Remark this limitation can be removed by adding more design

freedom to the controller.

5.6 Summary

This chapter studies the consensusability problem of discrete-time linear [MASE over
undirected fading networks. It aims to decide whether there exists a distributed
controller such that the underlying [MAS| can achieve mean square consensus over
fading channels. Conditions to ensure mean square consensus are derived for the
scenarios of undirected communication topologies with identical fading networks
and undirected communications topologies with non-identical fading networks, re-

spectively. For scalar systems, the sufficient condition is shown to be necessary. The
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results indicate that the effect of fading networks on consensusability is determined

by the statistics of channel fading. Finally, simulations are conducted to validate

the theoretical results.
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Chapter 6

Distributed Consensus over

Directed Fading Networks

6.1 Introduction

In Chapter [, we consider [MASk over fading channels with an undirected graph
setting. For consensus over identical fading networks, a decomposition method is
used and the mean square consensus problem is transformed to a simultaneous mean
square stabilization problem. For consensus over non-identical fading networks, the
edge Laplacian defined for undirected graphs by [129] is introduced to model the
consensus error dynamics. Then sufficient mean square consensus conditions are
developed. However, since the graph Laplacian for directed graphs may contain
complex eigenvalues and there are no well-accepted definitions of edge Laplacian
for directed graphs, the method in Chapter 5[ on undirected graphs for identical
and non-identical fading networks cannot be extended directly to directed graph

cases. In this chapter, we define the [CIIM] [CIM] and [CEL] to study the mean

square consensus problem over fading networks with directed graphs. Sufficient
and necessary conditions for the mean square consensus are derived and the role of

network topology on the mean square consensusability is discussed.
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This chapter is organized as follows. The problem formulation is provided in Sec-
tion 6.2 The consensus problem over identical fading networks is studied in Sec-
tion [6.3] The definitions and properties of [CIIM], [CIM] and [CEL] are discussed in
Section [6.4 The consensus problem over non-identical fading networks is further
studied in Section [6.5] Simulations are provided in Section followed by some
concluding remarks in Section [6.7]

6.2 Problem Formulation

A directed graph G = (V, £) is used to characterize the interaction among agents as

in Section [5.2.1] The discrete-time dynamics of agent ¢ is given by
xi(t+1) = Ax;(t) + Buy(t), i=1,2,...,N (6.1)

where z; € R™ and u; € R™ represent the agent state and control input, respectively.

Agents communicate through fading channels. Specifically, if (j,4) € &, we let agent
7 send its state to agent ¢ at every sampling time. The agent ¢ then receives the

corrupted information r;;(t) as

7ij(t) = i (t)2;(t) + wi(t)

with 7;; modeling the channel fading and w;; representing the zero-mean additive
communication noise with bounded variance. Based on the received information
and its own state, agent ¢ generates the control input with the consensus protocol

below

ui(t) = K Y (g (D)) = r35(0)), (6.2)

JEN;
where K is the consensus parameter to be designed.
In this chapter, we are interested in the consensusability problem, i.e., we aim to
establish conditions on the fading statistics, the agent dynamics and the commu-

nication topology under which there exists K in the protocol (6.2) such that the
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(6.1) can achieve mean square consensus, i.e., limy o E{||z;(t) — x;()]|3} < ¢

for some positive constant ¢ and any 7,j in V. In view of results in [80,/83], the

following assumption is made without loss of generality.

Assumption 6.2.1. 1. (A, B) is controllable and all the eigenvalues of A are

either on or outside the unit disk.

2. The directed graph G contains a directed spanning tree.

6.3 Identical Fading Networks

In this section, we consider the scenario where the channel fading on different edges

is identical.

Assumption 6.3.1. The channel fading on different edges is identical, i.e., v;;(t) =
v(t) for all t > 0 with (j,7) € £, and the sequence {y(t)}i>o is i.i.d. with mean u

and variance o,

In view of the analysis in Chapter 5, when only mean square consensus is considered,
the additive noise w;; can be ignored without loss of generality. Throughout this
chapter, if the state of a stochastic dynamical system converges to zero in mean

square sense, we say that the dynamical system is mean square stable.

6.3.1 Consensus Error Dynamics

Under Assumption and the consensus protocol (6.2)), the agent dynamics is
zi(t + 1) = Aw;(t) + v(t)BK X, (xi(t) — x4(t)), where the additive noise has
been ignored. Let X = [z, x), ..., 2], then following the definitions of the graph
Laplacian, we have X(t +1) = (I ® A+ v(t)L ® BK)X(t). Let h' be the left
eigenvector of £ associated with the zero eigenvalue, satisfying h’'1 = 1, and define

the consensus error as § = X — ((1A') ® I)X. The consensus error evolves as

t+1) =T -1 (I A+~(t)L® BK)X(t)
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=[I®A+~v(t) L2 BK)X(t) — 1 @ AX(¢)
=(I®A+~(t)L® BK)i(t). (6.3)

If there exists K, such that is mean square stable, i.e., lim;_,, E{d(¢)0(t)'} = 0,
mean square consensus of the can be achieved. Since G contains a
directed spanning tree, in view of Lemma|[5.2.1], the graph Laplacian has the Jordan
decomposition ULU = [§ 2] with U™ = [%], U = [LY] for some matrices G,
Y and all the diagonal elements of A are the non-zero eigenvalues of L. Define the
coordinate transformation g = [g],5,...,9x] = (U ® I)d, then ¢;(t) = 0 and
ot + 1) an(t+ 1)) = (Iyos ® A+ ()2 ® BE){galt) ... an(t)7.

Let Mg, ..., Ay be the non-zero eigenvalues of £ arranged as [\ < ... < |Ay|. Then

we have the following result.

Lemma 6.3.1. If the following dynamics are simultaneously mean square stable,
gilt +1) = (A+ A(ONBE)gi(t), i=2,...,N, (6.4)

i.e., limy oo B{g;(¢)g:(t)*} =0 for alli =2,..., N, then lim, o E{d(¢t)d(t)'} = 0.

Proof. In view of the above analysis, we only need to prove that if (6.4)) are simul-

taneously mean square stable, then [go(t)’, ..., gy (f)']’ is mean square stable. Here

we only consider the case that A = [’\02 )\13 } Induction can then be used to prove

the result for high dimensional systems. If g;(t+1) = (A+ Ay () BK)g;(t), i = 2, 3,
are mean square stable, then in view of Lemma 1 in [49], there exist P, > 0 and

P3; > 0, such that

Py > (A+ MuBK)*Py(A+ MuBK) + Ns\0”K'B'P,BK,

P > (A + /\3/LBK>*P3(A + )\3,MBK) + )\§/\30’2K/B/P3BK.
Thus there exists S > 0 such that

P3 > (A + )\3/JJBK)*P3(A + )\3,LLBK) + )\5)\30'2KIB/P33K + 6[

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



6.3. IDENTICAL FADING NETWORKS 111

Select a to be sufficiently large such that
aBl > (p? + 0*)K'B'P,BK + S*(P — M)S,

where 8 = (A+MuBK)*PouBK +X\0?K'B'P,BK and M = (A+X\uBK)*Py(A+
MuBEK) + MXo?K'B'P,BK. Let P = [132 a(])gg}. In view of Schur complement

lemma, we can show that
P>(I®A+uA®BK)*P(I® A+ puA® BK) +0*(A® BK)*P(A ® BK).

Therefore, in view of Lemma 1 in [49], [g2(t + 1), 95t + 1) = I @ A+ v(t)A ®
BK)[g2(t), g3(t)']’ is mean square stable. The proof is completed. O

Therefore in the sequel, we shall focus on studying the simultaneous mean square

stabilizability of (6.4]).

6.3.2 Consensusability Results

Theorem 6.3.1. Under Assumptions|6.2.1 and|6.3.1), the|MAS (6.1) is mean square

consensusable by the protocol (6.2) under a directed communication topology, if the

following condition is satisfied

2

a [1 — min max , kX + 1% > 7, (6.5)

T i — —F——=
1?4 o2 keR ie{2,...,.N

where 1. 1s defined in Lemma . Moreover, if (6.5)) holds, there exists a so-
lution Py > 0 to (5.20) with 7 = 7, and a control parameter that ensures the

mean square consensus can be given by K = Mgf; (B'PyB)"'B'PyA with ky =

arg mingcg max; [kA; + 1|2

Proof. If (6.5)) holds, then

2 12 + o2
—7) = max — 5 (1
R

nAi + 117 = 1)
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= maxn?(p® + NN + 2nuRe(N;) < —7,

pk1
u2 +0-2 .

with n = In view of Lemma [5.4.2] there exists a Fy > 0 such that

Py > APyA— 11 APyB(B'PyB) 'B'PyA
> APy A+ (P (1* + 0®) NN + 2nuRe(N))A'PyB(B'PyB) ' B' Py A

foralli = 2,..., N, which also implies the existence of Py > 0 and K = n(B'PyB)"'B'P,A
such that

Py > (A+ \uBK)*Py(A+ \uBK) + M\ \io’K'B'PyBK

foralli=2,..., N. Thus from Lemma 1 in [49], we know that (6.4) is mean square
stable for all + = 2,...  N. This further implies that the mean square consensus is

achieved. The proof is completed. O]

Remark 6.3.1. Suppose all the agents are with single input, i.e., m = 1, then
from [45], . =1 — m with \;(A) being the unstable eigenvalue of A. In the
following, we will show the consistency between the mean square consensus condi-

tion (6.5) and some existing results.

1. Networked control over fading channels: For a single agent, the mean square
consensus problem simplifies to the mean square stabilization problem and (6.5))
implies T]; |Ni(A)]? < ﬁ—z + 1, which recovers the necessary and sufficient stabi-

lizability condition for networked control systems over fading channels in [48].

2. Consensus with perfect communication channels: If the communication chan-
nel is perfect, i.e., 0> =0, u =1, then (6.5)) degenerates to minger max; [kX; +

1 < m, which is the necessary and sufficient consensus condition for

over directed graphs [83].

3. Consensus over identical fading networks with undirected graphs: If the graph

is undirected, then 0 < Ay < ... < Ay [80]. Therefore mingeg max; |kA; +
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1‘ — An—Xo

s Thus a sufficient condition to ensure mean Square consensus

over identical fading networks with undirected graphs from (6.5 is #202[1 —

(>\N—)\2

ANJFM)Z] <1- m, which has been proved in Chapter@ and shown to

be necessary when all agents are with scalar dynamics.

In the following, we prove that the sufficient condition in Theorem is also
necessary when all agents are with scalar dynamics and the graph is directed, i.e.,

n =m = 1. Without loss of generality, let A = a9, B =1 and K = k.

Theorem 6.3.2. Under Assumptions [0.2.1] and [6.5.1] and if n = m = 1, the

(6.1)) is mean square consensusable by the protocol (6.2) under a directed com-
munication topology, if and only if (6.5) is satisfied with T, =1 — a%
0

Proof. The sufficiency follows from Theorem|[6.3.1} Only the necessity is proved here.
In view of the previous analysis, for scalar agent dynamics, the is mean
square consensusable if and only if g;(t + 1) = (ag + y(t)\iko)gi(t) is simultaneously
mean square stabilizable for all © = 2,..., N, which also implies that there exists

ko € R, such that
E{|ao + v(t) Aiko|*} = [ N> (1 + 0B)k2 + 2Re(\i) paoko + aj < 1
for all : = 2,..., N or equivalently
Hg)n max N2 (1% + 0?) kg 4 2Re(\y) pagko + aj < 1,

which actually is (6.5 with 7, = 1—a% and k = fo*+e®) e proof is completed. [J
0

pao

The sufficient consensus condition involves solving a minimax optimization
problem, which cannot be explicitly derived for general directed graphs. In the
following, we propose to use the Lyapunov method to derive an explicitly sufficient
consensus condition for balanced directed graphs, which is directly expressed in
terms of the eigenvalues of the Laplacian matrix and avoids to solve an optimization

problem.
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6.3.3 Balanced Directed Graph Cases

The consensusability result for the (6.1)) under a balanced directed graph is
stated in Theorem [6.3.3]

Theorem 6.3.3. Under Assumptions|6.2.1 and|6.3.1), the|MAS (6.1) is mean square

consensusable by the protocol (6.2]) under a directed communication topology, if the
directed graph is balanced and

2 5\2
= 2” 5 X 2> (6.6)
peto n

where T. is given in Lemma n=p(L'L) and Ay denotes the smallest positive
eigenvalue of Ly = (L + L')/2. Moreover, if holds, there exists a solution
Py > 0 to the modified Riccati inequality with T = 19, and a control gain that
ensures mean square consensus is given by

oAz
22

K=——
p?+o?

(B'PyB)"'B'P,A.

Proof. Lyapunov methods will be used to show the mean square stability of
and thus to prove the sufficiency. Define the Lyapunov function candidate V() =
E{6(t)'(Iy ® P)4(t)}, where P > 0. We can choose K as K = —k(B'PB)"'B'PA
with £ > 0. Then A/PBK = K'B'PA = —xA'PB(B'PB)"'B'PA, which implies

Vit+1)=E{o(t+1)(In®P)o(t+1)}
<E{6(t)(Iy @ APA+2uL, @ K'B'PA+n(u? + 0°)Ixy @ K'B'PBK)(t)}.
(6.7)

Since the balanced directed graph G contains a directed spanning tree, L is a valid
graph Laplacian matrix for a connected undirected graph [130]. Thus we can select
qgi € RY such that £sgz~52- = qui, with 0 = 5\1 < 5\2 <...< ;\N and form the unitary
matrix © = [1/V/N, ¢a, ¢, ..., dn], with diag(A, A, ..., Ay) = ©/L,0. Introduce
the state transformation f = (6’ ® Iy)d with f = [f/, f4, ..., fx]/, then f; =0,
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and (6.7)) becomes

N
V(t+1) <Y E{fi(t) (APA+2u\K'B'PA+n(u* + 0*)K'B'PBK)fi(t)}. (6.8)
=2

Let a; = 2uN\ik—n(p2+02)k2, then Q; = A'PA+2u)\K'B' PA+n(1*4+0%)K'B'PBK =

A'PA—o;APB(B'PB)"'B'PA. If is satisfied, there exists k = £ %, such
that ap > 7.. Further, since (A, B) is controllable, in view of Lemma [5.4.2} there
exist P > 0 and a sufficiently small ¢ > 0 such that (1 — ()P — @2 > 0. Since

Q; > Qo, (1—C)P—QZ>Oforallz:2,3,,N

Thus there exists P > 0, with (1—¢)P > A'PA+2u)\;K'B'PA+n(2+02)K'B'PBK
for all ¢ = 2,3,...,N. Further from (6.8), one can obtain that V(¢ +1) < (1 —
O B{A(Y PR} = (1= QE{S(t) (In ® P)5(t)} = (1 = Q)V(t). Thus V(t)

converges to zero exponentially and this completes the proof. O

When the fading network is non-identical, if we still use the graph Laplacian to model
the consensus error dynamics, the channel fading would be coupled with elements
of the graph Laplacian. As a result, it is difficult to analyze the consensusability

condition. In the following section, we propose |[CIIM| E, |CIM| £ and L, and

analyze their properties. Subsequently, it will be shown that with such definitions,
we can remodel the consensus error dynamics and linearly separate the channel

fading from the network topology.

6.4 Definitions and Properties of CIIM, CIM and
CEL

6.4.1 Definitions of [CIIM], [CIM| and

If two agents i and j can communicate with each other, i.e., (i,j) € £ and (j,1) € £,

we call the link between them a bidirectional edge. Otherwise, we call the edge
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between them (if exists) a directed edge. The total number of edges in the graph is
represented by F, where a bidirectional edge is only counted once. Thus F < |€] and
F = |&| if and only if there are no bidirectional edges in G. Firstly, by arbitrarily
applying an orientation to every bidirectional edge in G, the [CIIM| and [CIM]| are

defined as follows.

Definition 6.4.1. The E and E are N x F matrices with rows and

columns indexed by nodes and edges of G respectively, such that

e [f the edge e, connecting two nodes t, j is bidirectional and the orientated edge

1s with initial node 7 and terminal node i, then
(a) [Ely, =1 forl=j, [E];, = —1 for | =i, and [E];, = 0 otherwise.
(b) [Elij, =1 forl=j, [E], =—1 forl =1, and [E];, = 0 otherwise.

o [f the edge e, is a directed edge, and is with initial node j and terminal node

i, then

(a) [E)y, = —1 for l =i and [E);, = 0 otherwise.

(b) [Elijp =1 forl=j, [El, =—1 forl =1, and [E];, = 0 otherwise.

With the defined and is defined as follows.

Definition 6.4.2. The[CEL of G is defined as

L.=F'E.

Remark 6.4.1. Different from definitions of [in-incidence matrial (IIM), [incidencd

(M) and [directed edge Laplacian] (DEL) for directed graphs in [131,[139],
the [CTIM, [CIM and [CET] defined in this chapter treat a bidirectional edge only as

one virtually oriented edge, rather than two directed edges with opposite directions.
With such consideration, the dimension of the 15 no larger than that of the
[DET, which would make the analysis and design of [MASs simpler especially when
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numbers of agents and bidirectional edges are large. Moreover, [CEL] can degenerate
to the edge Laplacian for undirected graphs in [129], which is not possible for the
[DET]. Thus the consistency of results for undirected graphs derived with [CEL] and

1 1

undirected edge Laplacian [129] can be guaranteed.
1
€1 ,"
€3 €1, €2
2 3 2 3 2 3
(i) (i) (ii)
Figure 6.1: (i) A directed graph with a bidirectional edge; (ii) Treat the bidirectional

edges as two edges with opposite directions; (iii) Apply an orientation and treat the
bidirectional edge as one virtually oriented edge

Take the directed graph in Figure [6.1fi) as an example. Follow the definitions
in [132], the Ernv and Env are 3 x 3 matrices with rows and columns indexed
by the node set {1,2,3} and the edge set {ej, ez, e3} as illustrated in Figure [6.1{ii)
and the is given by Lpgr, = EfyEmv. Nevertheless, the [CIIM| E, [CIM| E are

3 x 2 matrices with rows and columns indexed by the node set {1, 2,3} and the edge
set {e1,es} as illustrated in Figure [6.1f(iii), where a dashed line is used to represent
a bidirectional edge with an arbitrarily chosen direction. The expressions of these

matrices are listed below.

0-10 1 0 1 -10

Emnv=1-10 0 ,E: —10|,LpeL=|-110],
0 0 -1 0 -1 0 —11
1 -1 1 1 1
20
EIM: _]. 1 0 7E: _]. O ) *Ce:
11
0 0 —1 0 —1

It is immediate from the above that the dimension of £, is smaller than that of

Lpgr. In the following we will analyze the properties of the [CIIM] [CIM] and [CET]

and show that some desired properties are still preserved.
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6.4.2 Properties of [CIIM]|, [CIM| and

We have the following result about the rank of the [CIM] The proof is similar to that
of Theorem 8.3.1 in [118] and is omitted here.

Proposition 6.4.1. When the directed graph contains a directed spanning tree,

rank(E) = N — 1.

The graph Laplacian £ for G can be reconstructed from the [CIIM] and [CIM] as

follows.

Proposition 6.4.2. The graph Laplacian L has the following expression
L=FEFLE.

Proof. Firstly, consider the off-diagonal elements of EE’. Suppose i # j and there

is a directed edge [ connecting the node 7 and node j, with j being the initial node

and ¢ the terminal node of edge [. Then the [-th element of [E],oy; is —1. The other

elements of [E],ow; can either be 1 (i as an initial node of an oriented bidirectional
edge), —1 (i as an terminal node of an edgdl)), or 0 (otherwise). Similarly, the I-
th element of [E],w; is 1. The other elements of [E],w; can either be 1 (j as an

initial node of an edge), —1 (j as an terminal node of an edge), or 0 (otherwise).

Since [EE']y; = S.7_ [EliplEl;p and [E]y[E]; = —1. In the following we will show

p=1

that for p # I, [E];y[E];, = 0. Suppose, for p # I, [E];,[E]j, # 0, then the pair
([Elip, [E];p) can only be of four possibilities: [E];, = 1, [E];, = 1; [Elp = 1,
[E];p = —1; [Eliyp = —1, [E]j, = 1 and [E];, = —1, [E];, = —1. The first scenario

[E]ip = 1, [E];, = 1 and the fourth scenario [E];, = —1, [E];, = —1 are not possible,

since any edge p can only have one initial or terminal node. The second scenario
[E];p = 1, [E];, = —1 is also not possible since there is only a directed edge [ from
node j to node ¢. There are no other edges connecting the two nodes 7 and j. The

third scenario [E];, = —1, [E];, = 1 is possible only for p = [, which violates the

'Without specifications, an edge means either a directed edge or an oriented bidirectional edge.
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assumption that p # [. Thus when there is a directed edge from node j to node i,

[EE]; = —1.

Suppose there is a bidirectional edge [ connecting node 7 and node j and a virtual
orientation is assigned to this bidirectional edge. Without loss of generality, let j
be assigned as the initial node and 7 as the terminal node. Similar to the analysis
for directed edges, we can show that [EE'];; = —1. Now consider the term [EE'];;.
Since the edge [ is bidirectional, the [-th elements of [E]mwj and [F]ow; are 1 and
—1, respectively. Thus [E];[E]; = —1. Using similar arguments for directed edges,
we can prove that for p # [, [E];,[E];, = 0. Thus [EE'];; = —1. Therefore if two

nodes i and j are connected via a bidirectional edge, [EE'];; = [EE'];; = —1.

Similarly, when there are no edges connecting node ¢ and node j, [E];,[E];, = 0 for
any edge p. Thus [EFE'];; = 0. Consequently, from the definition of graph Laplacian,
we have [L];; = [EE');; for i # j.

Now consider the diagonal element of EE'. Since [EE'); = Y27, [El]ip|Elip, and

p=1

[E)ip[E]ip can only be 1 or 0 in view of the definition of [CIIM| and [CIM} There are

two situations that may result in [E];,[E];, = 1: [E]ip = 1, Eijp = 1 (i as the initial
node of an oriented bidirectional edge), [E];, = —1, E;, = —1 (i as the terminal node
of an edge). Thus the value of [EE'];; equals the sum of the number of bidirectional
edges that is connected to node ¢ and the number of directed edges in which 7 serves
as a terminal node. Thus, from the definition of the graph Laplacian, [FE']; = [L];.

Based on the above analysis, we have £ = FE’. The proof is completed. O

In view of Definition [6.4.2| and Proposition we further have the following result
about the eigenvalue distribution of [CEL]

Proposition 6.4.3. The[CEL] L. and the graph Laplacian L share the same nonzero
eigenvalues. If G contains a directed spanning tree, then L. contains exactly N — 1
nonzero eigenvalues which are all in the open right-half plane and zero, if exists, is

a semi-simple eigenvalud?]

2The geometric multiplicity of a semi-simple eigenvalue equals to its algebraic multiplicity.
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Proof. Suppose A is a nonzero eigenvalue of £ with the associated non-zero right
eigenvector ¢. In view of Proposition , we have EE'q = A\q. Since \g # 0,
g = E'q#0. Left multiply EE'q = A\q with E’, we can obtain that E'EE'q = A\E'q,
which implies £.q = Ag. Thus X is also a non-zero eigenvalue of L.. Similarly, we
can prove that any non-zero eigenvalue of L. is also a non-zero eigenvalue of L.

Thus the graph Laplacian £ and the [CEL] £, share the same nonzero eigenvalues.

If the directed graph contains a directed spanning tree, from Lemma [5.2.1] we can
further draw the conclusion that the[CEL]contains exactly N —1 nonzero eigenvalues,
which are all in the open right-half plane. Thus rank(£,) > N —1. Since £, = E'E,
we have rank(L,) < rank(E’) = N — 1 from Proposition [6.4.1] Thus rank(L.) =
N — 1. In view of the rank-nullity theorem, we have that null(L.) = F — N + 1.
Thus the geometric multiplicity of the zero eigenvalue of L. is F — N + 1. Since the
algebraic multiplicity of the zero eigenvalue of L. is F — N 4 1, we know that the

geometric multiplicity of the zero eigenvalue of L. equals to its algebraic multiplicity.

The proof is completed. O

With appropriate indexing of edges, we can write the FE and E respec-
tively as £ = [E,,E.] and E = [E,, E,], where edges in E,, E, are on a directed
spanning tree and the remaining edges are in E,, E,. Analogous to the property of
the incidence matrix for undirected graphs in [129], we can reconstruct E, with E,

from the following proposition.

Proposition 6.4.4. When G contains a directed spanning tree, there exists a matriz

S, such that E. = E.S.

Define the matrix R = [I,S], then we can decompose L. as in the following propo-

sition.

Proposition 6.4.5. If G contains a directed spanning tree, then L. is similar to

the following matrix
MR’ M6

Y

0 OFr-_Ni1)x(F-N11)
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where M = E'E and 6 is the orthonormal basis of the null space of E. The nonzero

eigenvalues of L. are equal to those of M R'.

Proof. Since the directed graph contains a directed spanning tree, rank(E) = N —

from Proposition [6.4.1] We thus have dim(f) = dim(null(E)) = F — N + 1 and

0'0 = Ir_ny1. In view of the definition of R, we know that £ = E,Rf = 0.

Since E, is the of a directed spanning tree, in view of Proposition [6.4.1 we

have that rank(E;) = N — 1. Thus there exists a transformation matrix O, such
- .

that E- = O[Er(y_1)x(v—1), 01, (v_1)]" With rank(E;) = N — 1. Then we have that
E.RO = 0. Since E, is invertible, we further have Rf = 0.

Define the matrix 7' = [R/,0], Q = [R'(RR')~*,0]’. Since Rf = 0, every column in
R’ is orthogonal to the columns of . Thus the columns in R’ are independent of
the columns in 6. Then rank(7") = F and T is invertible. Since R = 0, the direct
multiplication shows that QT = I, thus T~! = Q.

Applying the similarity transformation to £, with @), T, we obtain that

MR' M6
0 O

QLT =
Since the dimension of MR’ is (N — 1) x (N — 1), and when the directed graph
contains a directed spanning tree, L. has N — 1 non-zero eigenvalues, we know

that the N — 1 nonzero eigenvalues of L, equals to those of M R'. The proof is
completed. O

6.5 Non-identical Fading Networks

With the aid of [CTIM], [CTM] and [CEL] we can remodel the consensus error dynamics

in terms of edge states and linearly separate the channel fading from the network
topology. Since fading is mostly caused by path loss and shadowing from obstacles,

for simplicity we can assume that the fadings on the bidirectional edge are equal, i.e.,
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745 (t) = ;i(t) if j and 7 are connected via a bidirectional edge, which makes sense in
practical applications [99]. For general channel fading models, where ;; # ~;;, the
[DET] can be used to formulate the consensus dynamics and similar analysis meth-
ods proposed in this section can be applicable to the study of the consensusability
problem. Therefore we can use a single-letter ¢, to characterize the fading noise on
the p-th edge, i.e., ¢, = v;; if the edge p is with initial node j and terminal node i.
Firstly, apply an orientation to every bidirectional edge in the graph and define the
state on the [-th edge as 2; = x; — x;, with j and ¢ being the initial and terminal
node of the [-th edge, respectively. Then the dynamics of z; based on and

is

2(t+1) = Az (t) + Blu;(t) — ui(t)]

< Au(t) + BE Y GO(Ely — [Ely) (1)

p=1

-
2 Au(t) + BK Y G(1)[E Elipz(b)

where the additive noise has been ignored; (a) follows from . N vis () (2 (t) —

o) = Sy GOE]jp2p(t) and 3, vin (8) (i(t) — wa(1) = 300y GO Elip2p(t)
and (b) follows from the fact that [E'E), = SN | [E)alEls = [E)alEljp+[E)alElip =

s=1

[E];p — [Elip- Let z =[], 2},...,2%], then we have

2(t+1)= (I ® A+ E'F((t) @ BK)z(t)
= ® A+ L((t) ® BK)z(t), (6.9)

where ((t) = diag(¢i(t), ..., #(1)).

Suppose there is a directed cycle in G, the sum of edge states on the directed cycle
always equals zero, which imposes a constraint on the edge state z. We can further
verify that as long as there is a cycle in the underlying graph of G, such constraints
always exist. Thus not all edge states are free variables. This is illustrated in the

following proposition.
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Proposition 6.5.1. If G contains a directed spanning tree, then z. = (S’ ® I)z,,
where z, is the edge state on the directed spanning tree and z. is the remaining edge

state.

Proof. Suppose the edges in G are indexed such that E = [E,, E.] and E = [E,, E.].
The edge states can be partitioned correspondingly as z = [27, z/]". From the def-
inition of the [CIM] E, we know that the edge states z and the node states x are
related by z = (£’ ® I)xz. Thus we have [2., 2. = ([E;, E) @ Iz, z; = (EL® )z

and z. = (E. ® I)z. In view of Proposition we have E. = E,S. Then
ze=(SEL)y@e=(S®I)(E.®I)xr = (5 ®I)z. The proof is completed. [

For brevity, we call z. the cycle edge states since the edges associated with z. neces-
sarily complete cycles in the underlying graph of G. Proposition [6.5.1] implies that
cycle edge states can be reconstructed from the tree edge states. Thus we can make

a decomposition and further simplify the edge dynamics (6.9). Since z = [, 2],
we have from that

z(t+1) =1 ®A)z(t) + (ELE( (1) @ BK)2:(t) + (ELEC(t) ® BK)z.(t)
D(I® A+ (B.E.((t) + ELEC(1)S) ® BK)z ()
= (I® A+ M((H)R @ BK)z (1), (6.10)

where (., (. represent the fading noise on directed spanning tree edges and cycle

edges, respectively and (a) follows from Proposition [6.5.1]

Since the graph contains a directed spanning tree, in view of the definition of the

edge state z, if is mean square stable, mean square consensus can be achieved.

Based on Proposition [6.5.1] the stability property of is determined by ((6.10]).
Thus in the following, we shall focus on studying the mean square stability of (6.10]).

In the subsequent analysis, we make the following assumption about the fading noise

G,i=1,...,F.

Assumption 6.5.1. The channel fading sequence {(;(t)}i>o s i.i.d. with mean p;

and variance o? for alli =1,2,..., F.
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Analogous to the proof of Lemma [5.4.1] in Chapter 5, we can show that a necessary
and sufficient condition to ensure the mean square stabilizability of (6.10]) is given

as below.

Lemma 6.5.1. Under Assumptions|0.2.1 and [6.5.1, (6.10]) is mean square stable

if and only if there exist P > 0 and K such that
P>({I®A+MAR @ BK))PI® A+ MAR @ BK)+ (R ® K)G(R' ® K) (6.11)

with G = (2110 (M@ B)' P(M©B)), ¥ = [0i] £, 7, 01 = B{(G — 1) (G — 1)}
fOT'i % j; 04 = 0i2 and A = diag(ﬂ’l?ﬂ’% s ,/L}‘)

The condition (6.11]) is not easy to verify. In the following, we provide a simplified

sufficient condition, which can be solved via a feasibility problem over real numbers.

Theorem 6.5.1. Under Assumptions and the (6.1) is mean

square consensusable by the protocol (6.2)) under a directed communication topology
if there exists k € R, such that

kE(MAR 4+ RAM') + K*R(W ® AM'MA)R' < —7.1, (6.12)

where W = 11" + A™'SA™! and 7. is defined in Lemma[5.4.4 Moreover, if such k
exists, there exists a solution Py > 0 to , with T being the smallest eigenvalue
of =k (MAR' + RAM') —kK*R(W ©@ AM'MA)R', and a control gain that ensures the
mean square consensus can be given by K = k(B'PyB) 'B'PyA.

Proof. If there exists k € R, such that (6.12) holds, in view of the solvability
of (5.20]), one can show that there exists Py > 0 to the matrix inequality

[®Py>1® APA+ (k(MAR' + RAM')
+ E*R(W © AM'MA)R') @ A'P,B(B'P,B)"'B'PyA. (6.13)
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Since W © AM'MA = AM'MA + % ® M'M, we have from ([6.13]) that
I®Py>1® APA+ H® APyB(B'P,B) 'B'PyA (6.14)

with H = k*(RAM'MAR' + R(X © M'M)R') + k (MAR' + RAM'). The inequal-
ity (6.14) is (6.11)) with K = k(B'PyB) 'B'PyA and P = I ® Py > 0. In view of
Lemma [6.5.1], the proof is completed. O]

Remark 6.5.1. Since W > 0 and AM'MA > 0, in view of Theorem 5.2.1 in [128],
we have W @ AM'MA > 0, thus R(W © AM'MA)R' > 0. Let V be the Cholesky
decomposition of R(W © AM'MA)R', i.e., ROW © AM'"MA)R' = VV', then the
sufficient condition in Theorem [0.5.1] can be numerically verified by the following

LMTI feasibility problem

—I KV’
Jk s.t < 0.

kV k(MAR' + RAM') + 7.1

Remark 6.5.2. If the fading networks are identical, i.e., (;(t) = (o(t), Vi =
1,2,...,F, B{G®)} = p and B{(((t) — p)°} = 02, and G is an undirected tree,
ie, R=T and M = M' = L, = L., then (6.12)) is equivalent to min max k*(u*+

k ie{2,..,N}
02))\? + 2kuN; < —7. with Ao, ..., Ay being the non-zero real eigenvalues of L ar-

ranged in an ascending order, which can result in the sufficient mean square con-

AN =)o

/\N+/\2)2] > T.. This is consistent with Theo-

2
. ‘ L _
sensus condition given by e [1 (

rem |5.5.1], where it is also shown to be necessary for mean square consensus when

the agents are with scalar dynamics.

In the following, we try to derive closed-form consensus conditions for some specific

fading networks.

6.5.1 A=pul

Since 7.1+ k*R(W ©AM'MA)R' > 0, when A = ul, a necessary condition to ensure
the feasibility of (6.12) is that there exists k, such that k(MR + RM’) < 0. Since
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tr(MR' + RM') = 2t:(MR') = 25, u(MR) 2 25 n(L) 2 25, ML) > o,
where (a) follows from Proposition and (b) follows from Proposition [6.4.3)]
we know that at least one eigenvalue of MR + RM’ should be positive. Thus if
k(MR + RM’) is required to be negative definite, k should be selected to be negative
and MR + RM’ should be positive definite. Thus we make the assumption that
MR+ RM’ > 0 during the following analysis, which is an implicitly required graph
property for to hold.

Corollary 6.5.1. Under Assumptions|6.2.1 and|6.5.1], if A = pl and M R'+RM' >
0, the (6.1) is mean square consensusable by the protocol (6.2) under a directed

communication topology, if the following condition is satisfied

N s A (M)
T3 .

© u? 4 max; o2 8 p(RR")p(M'M)

%

> 1o, (6.15)

where 1. 1s defined in Lemma . Moreover, if (6.15]) holds, there exists a solution
Py > 0 to (5.20) with T = 73, and a control gain that ensures mean square consensus
can be given by K = ko(B'PyB)” "B Py A with

N/\min(W)

[1? + max; o7 | p(RR) p(M' M)

kQI—

Proof. Since W >0, M'M > 0 and WeM’'M > 0, in view of Theorem 5.3.4 in [128],
we know that 0 < A\(W © M'M) < max;[W]; x p(M'M) = max;(1 + Z—Z)p(M’M)
with A(W ® M'M) being any eigenvalue of W ® M'M. Thus we have that R(W ©
M'M)R' < p(W @ M'M)RR’ < max;(1 + %)p(M'M)RR'. Further from Weyl's
inequality [124], we have that p(R(W © M'M)R') < max;(1 + %)p(M'M)p(RR').
Since RR' = 1+ S5’ > 0, we have p(RR') > 0. Besides, when G contains a directed
spanning tree, in view of Lemma and Proposition m, E.E. =L, >0 with
L. being the graph Laplacian for the underlying graph of a directed spanning tree
in G. Since M'M = E'E.E'E, we know that M'M > 0 and thus p(M'M) > 0.
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Since MR’ + RM' > 0, if there exists k such that

MR + RM'

R + max o7l p(RR)p(M'M) + 2k pihmin(—————) <

—Te, (6.16)

the sufficient condition (6.12]) can be satisfied. Since the minimum of the left hand
side of (6.16)) is achieved at k = ks, with the minimal value —73, we can then obtain

the sufficient consensus condition (6.15). The proof is completed. O

The sufficient condition implies that the mean square consensusability is
determined by the channel fading, the network topology and the agent dynamics.
Besides, the mean square consensusability is affected by the channel with the largest
fading variance. Moreover, the effect of the network topology on the mean square

consensusability is reflected on the term « with

/ ’
A G ).
«

 p(RR)p(M'M)

In view of (6.15)), a large « is always preferred to compensate the fading variance
and tolerate unstable agent dynamics. In the following, we will use o as a measure
to study how certain network topology affects the mean square consensusability.

First of all, we have the following proposition about the range of «.

Proposition 6.5.2. If G contains a directed spanning tree and MR + RM' > 0,
then 0 < a < 1.

2 (MR’;RM’) <

min —

Proof. 1t is trivial to have a > 0. In the sequel, we will show that \
p(RR")p(M'M). Since when M R'+RM’ > 0, we have A2, (MELRM) < Re*(\(MR'))
with A(MR’) being any eigenvalue of MR’ from Bendixson’s theorem [124]. In
view of the Browne’s theorem [124], we have that |[A\(MR')]*? < p(RM'MR’), thus
A2 (w) < p(RM'MR'") < p(RR")p(M'M). The proof is completed. O

min

We give some examples of different communication graphs as follows.
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(i)
Figure 6.2: (i) A star graph (ii) A directed graph with a cycle in its underlying
graph (iii) A directed path graph

6.5.1.1 Star Graphs

If the graph is a star as shown in Figure [6.2(i), we have that R =1 and M = L, =
In_i. Evidently, MEEEM. — [ > 0 and A2, (MELEMY) — p(M'M) = p(RR') = 1.
Thus a = 1, which means that scaling on the number of agents in the does not
affect the mean square consensus for star graphs. Moreover, from Proposition [6.5.2]

if we use a as an indicator to select the network topology, star graph is the most

favorable in the sense that it has the largest possible value of a.

By adding an edge to the star graph, we obtain the graph in Figure (ii), which
contains a cycle in its underlying graph. Then we have M = [I(N,l)X(N,l),Q],
R = [Iin—1)x(n-1),S] with @ = [0,1,0,...,0 and S = [-1,1,0,...,0]. We can
show that MR + RM' > 0, Ayn(MR' + RM') = 3 — /2, p(M'M) = 2 and
p(RR') = 3. Thus o = %. Since % < 1, more edges are not always
beneficial to the mean square consensus. This can be interpreted from ([6.10). Even
though mean square consensus is determined by edge states on a directed spanning
tree, the fading noise on cycle edges still affects mean square consensus as seen
from (6.10). Thus the insertion of an edge also introduces the associated fading

noise into the tree edge state dynamics, which may pose negative effects on the

mean square consensus.
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6.5.1.2 Directed Path Graphs

If the directed graph is a path as denoted in Figure [6.2[(iii), then R = I and

1 0...... 0

-110...0
M =

0...0—11

Since MR + RM’ is a tri-diagonal matrix, in view of [133], we know that the
eigenvalues of M R'+ RM' are 2—2 cos %, [=1,2,...,N—1. Thus MR'+RM’' >0
and Apin(M R + RM') = 2 —2cos . Since RM'MR' = MR' + RM' + D with

the eigenvalue perturbation theorem [115] implies that A\ (D) < p(RM'MR') —
p(MR'+RM’) < Ay_1(D) with \;(D) being the i-th smallest eigenvalues of D. Since

M(D) = —1and A\y(D) = ... = Ay_1(D) = 0, and p(MR'+ RM") = 2—2 cos =17
we have that 1 — ZCOS% < p(RM’MR’) _ ,O(RR/)P(M/M) < 2 —2cos (N]—VI)W.

When N is sufficiently large, the ratio « is lower and upper bounded respectively

by

(1 —cos %) cy< (1 —cos %)?
2 — 2cos (N;)W 1 —2cos (NI_VI)W

With the increasing number of agents, o will eventually converge to zero. Thus
consensus is hard to achieve. This is consistent with our intuition: for consensus
over a path graph, more agents means that the consensus is harder to achieve.
This is different from the star graph, where scaling does not affect the consensus

condition.
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6.5.2 A ul

When A # pl, we have the following sufficient consensus condition. The proof is

similar to that of Corollary and is omitted here.

Corollary 6.5.2. Under Assumptions [0.2.1) and |6.5.1, if MAR + RAM' > 0,
the (6.1)) s mean square consensusable by the protocol (6.2)) under a directed

communication topology, if the following condition is satisfied

A2, (MAR’JrRAM’)
Ty = = 2 > 7, (6.17)
max;(1 + %)p(RR’)p(AM’MA)

3

where 1. 1s defined in Lemma . Moreover, if (6.17) holds, there exists a solution
Py >0 to (5.20) with T = 74, and a control gain that ensures mean square consensus

can be given by

)\min( MAR’-gRAM’ )

max;(1+ %)p(RR)p(AM'MA)

7

K=- (B'PyB) ™' B'PyA.

Remark 6.5.3. When A = pl, (6.17)) recovers (6.15)). Next, consider the case that
A = ul and the graph is an undirected tree, then R =1 and M = M' = L, = L.
Thus, we have )\min(W) = XAy and p(RR")p(M'M) = X%, with Ay and Ay being
the smallest and the largest non-zero eigenvalues of the graph Laplacian for the undi-
rected graph. Then a sufficient condition to ensure mean square consensus for non-
identical fading networks with undirected tree graph from (6.15)) is m%
Since max; 0? = max; oy < p(X2), Corollary recovers Corollary |5.4.1. Simi-
larly, we can also show that Corollary recovers Corollary[5.4.9 for the case of

A # ul.

> T,.

6.6 Simulations

In this section, simulations are conducted to validate the derived results. We con-

sider two different scenarios, i.e., identical fading networks and non-identical fading
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(i) (i)
Figure 6.3: Communication graphs used in simulations: (i) a directed graph (ii)
applying an orientation to the bidirectional edge in (i)

networks with non-equal fading means. In simulations, the agents are assumed to
have the system parameters as in Chapter [5} The initial state of each agent is uni-
formly and randomly generated from the interval (0,0.5). We assume that there
are four agents and the directed communication topology among agents is given in
Figure[6.3(i). The channel fadings are assumed to follow Rayleigh distribution with
probability density function f(x;0,) = U%e_“"Q/ (297) 7 > 0. The additive noises are
set to have standard normal distributions. The simulation results are presented by

averaging over 1000 runs.

Firstly, suppose that all the channel fadings are identical and follow Rayleigh dis-
tributions with o, = 5. Then the sufficient consensus condition in Theorem m
is satisfied and one admissible control gain is K = [6.7757,—8.1021,1.2307]. Mean
square consensus errors for agent 1 are plotted in Figure [6.4] It is clear that mean
square consensus of the [MAS]is achieved. Now suppose the fading parameters for
the four edges in Figure (1) are op12 = 5, op13 = 4.9, op1q = 4.8, 003 = 4.7.
Then the fading on different edges have different mean value. With such fading
parameters, the sufficient condition in Corollary is satisfied and an admissible
control gain is given by K = [0.3750, —0.4686,0.0868]. Mean square consensus er-
rors for agent 1 are plotted in Figure [6.5] which also shows that the mean square
consensus is achieved. Since the consensus parameter K is designed for mean square

stabilization and not for performance, there are overshots in both simulations.
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Figure 6.4: Mean square consensus error for agent 1 under a directed topology with
identical fading networks
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6.7 Summary

This chapter studies the mean square consensus problem of discrete-time linear
[MASE over analog fading networks with directed graphs. Sufficient conditions are
firstly provided for mean square consensus over identical fading networks with di-
rected graphs. It is shown that the sufficient condition is necessary when agents
are with scalar dynamics. For consensus over non-identical fading networks with

directed graphs, [CIIM|, [CIM] and [CEL] are proposed to facilitate the modeling and

consensus analysis. It is shown that the mean square consensusability is solely de-
termined by the edge state dynamics on a directed spanning tree. As a result, suf-
ficient conditions are provided for mean square consensus over non-identical fading
networks with directed graphs in terms of fading parameters, the network topology
and the agent dynamics. Moreover, the role of network topology on the mean square
consensusability is discussed. In the end, simulations are conducted to verify the

derived results.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

Due to the flexible architecture and ease of installation and maintenance, wireless
communication networks are widely used in control systems. This thesis is specif-
ically interested in the fading phenomenon in wireless communications. We aim
to study how the channel fading affects the stability of networked control systems.
There already exist some results about this issue. However, the answers are far
from complete. The present work is concerned with the problem of stabilizability
over fading channels and also with the problem of consensusability of multi-agent

systems over fading networks. The following conclusions can be made.

e First of all, there exist fundamental limitations on the mean square stabiliz-
ability of linear systems over power constrained fading channels and Gaussian

finite-state Markov channels.

e Secondly, the stabilizability condition for control over power constrained fad-
ing channels is determined by the fading statistics and the [SNR] ratio of the
communication channel. For control over Gaussian finite-state Markov chan-
nels, the stabilizability is determined by the Markov transition probability and

the finite-level channel fading.
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e The revised Schalkwijk coding scheme is optimal for control over fading chan-
nels when the system is with scalar dynamics. For two-dimensional systems,
the chasing and optimal stopping algorithm is optimal for the channel resource
allocation. The and adaptive [TDMA]| schemes are only sufficient but
not optimal for channel resource allocations of high-dimensional systems con-

trolled over time-varying channels.

e For distributed consensus over fading networks problems, the consensusability
is closely related to the statistics of the fading network, the eigenratio of the

graph, and the instability degree of the dynamical system.

e The mean square consensusability is determined by edge state dynamics on a
directed spanning tree and the minimal mean square channel capacity among

all fading channels.

7.2 Future Work

There are many issues that deserve future research including

e In Chapter [3]and Chapter [4], the capacity was derived under the assumption
that there exists a perfect feedback link from the channel output to the chan-
nel input. What would the capacity be when there is no such feedback link
or there is only a noisy feedback link? Besides, we assume the knowledge of
perfect channel state information at the receiver side in the problem formula-
tion. What are the stabilizability conditions if the channel fading cannot be
estimated accurately? Moreover, for vector systems, there is a gap between
the sufficient condition and the necessary condition. Since we have only pro-
vided sufficient conditions with coding strategies adopting the idea of [TDMA]
can we achieve better results by other strategies, such as frequency division

multiple access (FDMA) or code division multiple access (CDMA)?
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e In Chapter [§] and Chapter [0, most of the derived results are only sufficient
conditions. What are the necessary conditions for distributed consensus over
fading networks? Besides, in modeling the fading channel, we did not consider
the channel input power constraint. What are the consensus conditions when
the channel has input power constraint? These questions need to be answered

for better understanding the interaction of control and communication.

e Chapter [3] and Chapter [] present the results for point-to-point communica-
tion channels. Chapter [5] and Chapter [6] provide the results for distributed
consensus over fading networks. While for networked control over other com-

munication models, such as [MAC| and [BC| there exist very few results. The

networked control over [MAC] and is also one of the future research direc-

tions.

e In this thesis, we are mainly concerned with the stability problem of networked
control over fading channels. In practice, the wireless communication channel
may also suffer from transmission delay. Since control systems are sensitive
to time-delay, how the channel fading, [SNR] constraint and time-delay jointly

affect the stability of networked control systems also deserves more work.

e So far, we have only studied the stability issue of networked control systems.
The problem about how the performance of a networked control system is
affected by communication channels is worthy of study. This problem is
closely related to the sequential rate-distortion problem in [134]. However,
the work [134] models the effect of the communication channel by a directed
information constraint. It is still unknown how specific communication chan-

nels affect the sequential rate-distortion problem.
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